Chapter 1

ML fundamentals

ML isarelatively new languageemploying mary modernanguagedesignconceptslf you've programmed
before,you'll find ML differentin two importantrespects(And if you haven't programmedefore because
of thesedifferencesyouwon't beat muchof a disadwantage.)

ML is a functional language ML programsstrongly emphasiz€unctionssimilar to mathematical
functions. Functionalprogrammingdoesnot includethe notion of statementfoundin Ada, C++, or Java.
Thewholenotionof statemenis altogethetost, replacedvith solelyfunctionsandexpressionsThis proves
to bearadically differentway of doingthings.And it works.

Also, we will useaninteractie interpreter to write our ML programs.This programis calledStandard
ML of New Jersg, abbreiatedSML. To startSML, type“sml ” atthe Unix prompt.

% sml
Standard ML of New Jersey, Version 110.0.7, September 28, 2000
val use = fn : string -> unit

Theminussignis the prompt,signalingthatSML is readyfor youto give it someML to interpret.

1.1 Identifiers

ML usesidentifiers to representalues. An identifier hasa name,a type, anda value. In this respectan
ML identifieris very similar to an Ada variable. But in oneimportantrespecthey aredifferent: the value
of an ML identifiernever changes Thatis, whenML createsanidentifier, it givestheidentifieravalue,and
thatidentifieralwaysstanddor thatvalue.

Let's type somethingvery simplefor SML to interpret.

- val freezing = 32;

val freezing =32 : int
In this line, we have told SML to createa new identifie; namedfreezing , with a value of 32. The
val word is specialto ML anddesignateshatyou areaboutto createanidentifier After thatcomesthe
identifier's name,andthenafterthe equalssignis the valueto give it. A semicolonendsthe line, telling
SML to goahead.

In this example,SML camebacksaying“val freezing = 32 : int " SML'sresponseimply
confirmsthata new identifierfreezing  hasbeencreatedyrepresentinghe value32, with atype of int
(for integer).

An ML integeris completelyincomparablédo its floating-pointequivalent. To designate floating-point
numberto ML, you canuseadecimalpoint.
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- val real_freezing = 32.0;
val real freezing = 32.0 : real

Note that when SML confirmsthe creationof the identifier, it printsreal to signify that this identifier
representa floating-pointnumber

If you simply write anexpressiorin ML followed by a semicolon the interpretemwill assumehatyou
meantto createanidentifiernamedt with thatvalue.

- freezing + 5;
val it = 37 : int

In thisexample we wroteavery simpleexpressiorsayingto add5 to thevalueof theidentifierfreezing
SML evaluatedhis expressiondeterminedhattheanswemwas37, andhandledt exactlyasif we hadtyped
“val it = 37;”

- val it = 37,

val it = 37 : int

Theres nothing specialaboutthe it identifier, exceptfor this implicit redefinitionof it every time you
write anexpression.

ML doesnt preventyou from creatingnew identifierswith the samenameasexisting identifiers. But
do not think of this aschanginganidentifier's value (a la Ada assignmenstatements)You arecreatinga
completelynew identifier whosenamehappendo bethe sameasanold one,andwhich thereforehidesthe
old identifierfrom futureuse.

- val freezing = 0.0;

val freezing = 0.0 : real
- freezing;

val it = 0.0 : real

In thisexample we createdanew identifierfreezing  with avalueof 0.0. (Noticehow this new identifier’s
typeisreal .) Thenwe wrotethe expressionfreezing , andwe foundthatthis expressionevaluatesto
0.0.

1.2 Expressions

Basicallyeverythingin ML is eitheran expressioror anidentifier definition. You canbuild simpleexpres-
sionsusingthefollowing rules.

A constan{like 32 or 0.0 ) is anexpressiorwhosevalueis whatthatconstantepresents.

Anidentifier(likefreezing )isanexpressiorwhosevalueis thevaluethatthatidentifierrepresents.

A smallerexpressiommaybe enclosedn parentheses.

Two smallerexpressionsnay bejoinedby abinary operator (like‘+’, *-’, or**’).

An expressionmay be precededby a unary operator. (For example,ML uses'™’ for negation:
““(1 + 3)” representsheinteger —4. The ML designershoseto use‘™’ for negationbecause
they wanteddifferentsymbolsfor negationandfor subtraction.)

ML includesmary operatorsandit usesthe algebraicorderof operations.

e At thetopisthenegationoperator™ .
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e Thencomethe multiplicationanddivision operators:*’, ‘/’, ‘div ’, and‘mod. (ML usesthe‘/’
for dividing two realnumbersandit uses div ’ for dividing two integer numbergin which caseary
remaindels ignored).The‘mod operatomworkson two integersandits valueis theremaindewhen
thetwo integersaredivided.

¢ Below thisareaddition(‘+’) andsubtraction(*- ).

Hereareexamplesof afew expressionsndtheir correspondingalues.

2 +3*5 17
B0 / 20 * 80) + 15 135
15 mod (3 + 4) 1

Sometimesyou’ll accidentallywrite anexpressionthathasa type error of somesort. SML usesinim-
itabletechspealkor describingtheseerrors;it takessomepracticeto be ableto decodeghe messages.

- 2 * 15
stdin:6.1-6.8 Error:  operator and operand don't agree [literal]
operator domain: int * int
operand: int * real
in expression:
2 * 15

Thephrase'operatorandoperanddont agree’is anindicatorthatyou'’re looking atatypeerror. ThenSML
saysthatit expectedwo integers(“operatordomain”is a phrasemeaning‘expected”),andit sav aninteger
anda real (it usesthe phrase‘operand”to indicatewhatit sav). The problemhereis that we're trying
to multiply aninteger by a real, and multiplication canonly handleeithertwo integersor two reals. (The
interpretertook youto meanto multiply twoint s, sincetheleft-handsideof themultiplicationis anint .)

1.3 Functions

With whatwe've seersofar, ML is justaglorified calculator To doarny programmedomputationye need
the notion of a function Functionsareintegral to ML — soimportant,in fact, that ML is classifiedasa
functionallanguage.

Eachfunctiontakesasaninput somevalue calleda parameter or an agument. Somefunctionswill
take several parametersThenthe functiondoessomecomputatiorto computeits output,calledits return
value. Theprocesof computingthereturnvaluecouldpossiblybe a comples process.

1.3.1 Usingfunctions

To useafunction,you canjustwrite thefunctionnamefollowed by thevalueof its parameterFor example,
built into ML is a function namedMath.sqrt . This function takes a real numberas a parameteand
returnsarealnumber(which approximateshe squareoot of its parameter).

Let’s saywe wantto usethis functionto computey/s.

- Math.sgrt  5.0;
val it = 2.2360679775 : real

In the orderof operationsfunctionapplicationcomessecondjust belov negationandabove the multi-
plicationanddivision operatorsConsiderthe following example.

- Math.sqrt 25.0 * 25.0
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Becausdunctionapplicationcomesabore multiplicationin the order thefirst thing thathappendereis the
call to Math.sqrt , andthentheresultgetsmultiplied by 25.0. Sotheinterpreterrespondsvith 125 (not
25, asit wouldif it did themultiplicationfirst andthenthe squareroot).

val it = 125.0 : real

ML includesa variety of built-in functionsfor you to usein building your own functions. We cant
possiblylist themall yet— we needto understandviL better— but hereareafew.

real int -> real returnsthe floating-pointequialentof its integerargument
round real -> int returnsthe nearestntegerto its floating-pointargument
Math.sqrt real -> real returnsthe squareroot of its agument

Math.exp real -> real returnse® for anamgumentz

Noticethatthefirst two give you away of corverting betweerintegersandfloating-pointnumbers.

1.3.2 Defining functions

Definingfunctionsis relatively simple— nottoo differentfrom definingmathematicatunctions.
- fun tempConv celsius = 9 * celsius div 5 + 32;

val tempConv = fn : int -> int
Hereweareusingthewordfun to signalthatwe aredefiningafunction. Thenamefollowingit, tempConv ,
is the nameof the function,andthe namefollowing it, celsius , is a placeholdefor its parameteralue.
Following the equalsignis anexpressiorsayinghow to computethereturnvalueof thefunctionfor agiven
celsius

Now if wantto usethe function, we type the function namefollowed by what we wantit to usefor
celsius

- tempConv 100;

val it = 212 : int
Herewe passedhenumber100 astempConv 's parameterThefunctioncompute® * 100 div 5 +
32 — whichis 212. Thisis thevalueof theexpressiortempConv 100.

Look againathow SML respondedvhenwe first definedthetempConv function.

val tempConv = fn : int -> int

It is sayingthatthe userhasdefineda new identifier, calledtempConv , whosevalueis afunction. (Rather
thanattemptto representhe function on the screenthe SML interpreterjust displaystheword fn .) The
typeof thetempConv identifierisint -> int —it'safunctionfrom integersto integers.

In otherwords,SML’sresponséndicateghatdefiningfunctionsis really just a differentway of defining
anidentifier Thisin itself is interesting.But theres anotherinterestingpoint arisingfrom SML's response:
How did it determinghatcelsius  would represenaninteger?

1.3.3 Typeinference

Theanswer:t assumed! ML hasauniquefeaturecalledtype inference The ML interpretemwill analyze
a function to determinewhat type you probablymeant,andit will go with that assumption.Usually —
surprisinglyoften— it will assumecorrectly In this caseit sav thatwe weremultiplying 9 by celsius
since9 is aninteger, andyou canonly multiply anintegerby aninteger, it infersthatcelsius  mustbean
integer. Similarly, becauseét addstwo integersto getthe result,andthe sumof two integersis aninteger,
it concludeghatthe returntype mustbe aninteger This isn’'t soimpressie, but we will seesomemore
amazingexamples.
Of course sometimesheinterpretemwill assumeavrongly. Considerthefollowing example.
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- fun sqg x = x * x;

val sgq =fn : int -> int
In this case,it is ambiguouswhetherwe wantedsq to work with integersor real numbers— the only
thing we did with x wasto multiply it with itself, andeitherinterpretationis consistentThe ML interpreter
assumedhnt . If weactuallywantedx tobereal ,wehavetwo options:Thelow-techversionis to multiply
by 1.0.

- fun sqg x = 1.0 * x * x

In the otheroption,we includetypeinformationin thefunctiondefinition.

- fun sq x : real = x * x;

In this casewe aresayingthatsq returnsareal. Sincewe canonly geta real out of a multiplicationif we
aremultiplying arealby areal,theinterpreterinfersthatx mustbearealalso.

1.3.4 Multiple parameters

The functionswe have seenso far dealonly with single parametersOften you wanta function that takes
moreparametersi-or example,saywe wantafunctionthattakesfour parametergepresentinghe z- andy-
coordinate®f two points(zo, yo) and(z1,y1), andwe wantto computethe distancebetweerthem.Recall
thatthedistances /(zo — z1)? + (yo — y1)2. We'll useoursq functionin writing the ML for this.

- fun dist x0 yO x1 yl = Math.sqrt (sq (x0 - x1) + sg (YO - yl1));

val dist =fn : real -> real -> real -> real -> real

The ML interpreterrespondghat we have defineda functiondist thattakesfour real parameteraind
returnsareal

Now if we wantto usethe distancefunction, we canjust list the parameterspne after the other ML
will associat¢hevalueswith the parameterfistedin thefunctiondefinitionaccordingto the orderthey are
listed.

- dist 0.0 0.0 3.0 4.0
val it =50 : real

Behindthescenestheinterpretercomputedk0 - x1 (whichwas—3.0) andsquaredhis by passing-3.0
to the sq functionwe just defined(9.0). Thenit computedy0 - yl1 (whichis —4.0) andcomputedits
sq(16.0). It addedthesetogetherandpassedheresult(25.0) to the built-in functionMath.sqrt , which
computedhe squareoot (5.0, thevaluereturnedby dist  in this example).
Heres a moresystematiaepresentationf how the interpretereasonsWe’'ll call this a derivation of
thefunction’s value.
dist 0.0 00 3.0 4.0
Math.sqrt (sq (0.0 - 3.00 + sg (0.0 - 4.0)
Math.sqrt (sq 3.0 + sg (0.0 - 4.0)
Math.sqrt (30 * 3.0 + sq (0.0 - 4.0)
Math.sqrt (9.0 + sq (0.0 - 4.0)
Math.sqrt (9.0 + sq "4.0)
Math.sqrt (9.0 + 4.0 * 4.0
Math.sqrt (9.0 + 16.0)
Math.sqrt 25.0
5.0

Be sureto stepthroughthe above sequenceourself— understandinghe abore sequencés importantfor
later
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1.4 The Booleantype

ML providesa variety of types. Sofar we have just seentwo: int andreal . Butnext onourlist arethe
Booleanvalues,namedoool by ML. Thesearefor valuesthatcanbeonly trueor false.
ML hasafew additionaloperatordor dealingwith Booleanvalues.

1. Thecomparisoroperatorarejustbelav additionandsubtractiorin theevaluationorder: equaly‘ =),
not-equalg‘<>"), less-thar(‘<"), less-than-ecequds (‘<="), greateithan(‘>’), andgreateithan-or
equalg('>="). Thesetake two numbersandreturnaBooleanvalue.

2. Below this, therearethe two operatorsandalso andorelse , for combiningBooleanvaluesto-
getherusingthe AND or OR of Booleanlogic.

An obserantreadershouldbewondering:If we have AND andOR from Booleanlogic, why notNOT?
The answeris that ML hasthis too, it’s just not a specialoperator One of the built-in functionsis not ,
which takesabool parameteandreturnsabool — namely the oppositeof its parameter Notice what
thisimpliesin termsof the orderof operationsfunctionsarejust abose multiplicationin the order andso
theBooleanNOT is above the comparisoroperatorsThis is somavhatcounterintuitve.

We canusethesein definingidentifiersof typebool .

- val flag = not (5 > 8);

val it = true : bool

1.5 if expressions

We'll useBooleanexpressionsnostoftenin if expressions.

- val abs x = if x >= 0.0 then x else 7x;
val abs =fn : real -> real

Herewe have defineda function calledabs , which takesa parametex andreturnsits absolutevalue— x
if  is atleast0.0, and—z if not.

A warningaboutusingif : Everytime you useanif , you must have anelse ! Thisis because¢he
ML if isanexpressionandexpressionsnustalwayshave avaluein all circumstances.

Anif isanexpressiorlike any other;you canputit anywhereyou canputanotherexpression.

- fun len xy =(f x <y then "1 else 1) * (x - vy);

val len =fn : int -> int -> int
- len 5 8;
val it =3 : int
In this example theif computes-1 (sincez < y), andsolen returns—1-(z —y) =—-1--3=3.

Often,you’ll wantto putanif expressiorinsidetheelse clauseof another
- fun gradePoint pts =

if pts >= 90.0 then 4

else if pts >= 80.0 then 3

else if pts >= 70.0 then 2

else if pts >= 60.0 then 1

else 0;

val gradePoint = fn : real -> int

This exampleintroducesnothingnew aboutif : We just placedaregularif in theelse of anotherif |,
whichwasitself in theelse of anotherf , whichwasitselfin theelse of anotheiif . (Theequalsigns
ontheleft sidearethe promptsSML printswhenit is waiting for you to type more,becauseét knows you
havent finishedsayingwhatyou wantedto sayyet. They're not partof the ML function.)



Chapter 2

Recursion

At this point,we have away of having ML computesimpleexpressionsBut complex operationsnvolve do-
ing essentiallythe samething repeatedlyln ML we accomplistthis by usingrecursion— which basically
meanswve have afunctionuseitself.

2.1 Recursionat work

Recursionseemgeircular at first — how could a self-referentiafunction meanarything useful? — but in
controlledcircumstanceg cando something.
Considetthefollowing functionto computethe factorialof n, n! (thatis,1-2-3---- - (n—1)-n).

- fun fact n =if n<=1then 1 else n* fact (n - 1)
val fact = fn : int -> int

This is recursve, becausén somecircumstancegnamely whenn exceedsl), it usesitself to computeits
own value.
Let's seehow the ML interpretemwould computefact 4.

fact 4 =4 * fact (4 - 1)
=4 * fact 3
=4 * (3 * fact (3 - 1)
=4 * (3 * fact 2)
=4 * (3 * (2 * fact (2 - 1))
=4 * (3 * (2 * fact 1))
=4* @ * (2 *1)
=4 * (3 * 2
=4 *6

24

We'll call thistechniqudor representindnowv arecursve functionevaluatests valuea derivation.

2.2 Theinductive method

We'll seetwo generalstructuresfor recursve programs. The first is the inductive method which is the
techniqueyou shouldconsiderfirst. If it lookslike theinductve methoddoesnt work, thenyou canmove
ontothinking aboutthe helperfunction methodof the next section.
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2.2.1 Writing arecursive program

Our secondexampleis really nottoo different,but we'll go throughthe designprocessmorecarefully: We
wantto write afunctionthattakesanintegern asa parameteandcomputeghe sumof the squaresrom 1
ton (thatis, 12 + 22 + 3% + ... + (n — 1)? + n?). Beforeyou go on, think for amomentabouthow you
would do this usingML.

Theprogramwe write will have theform

- fun sumSquares n = ...

Thethoughtprocessyou cangothroughto write this programis thefollowing: If I'm looking ata particular
n (say n = 10), andl knew thefunction’s valuefor all smallervaluesof n (sol know thesumof thesquares
upto1?,...upto 82, andupto 92), how would thathelpme computethe functionvaluefor n?

Whatyou shouldseeis thatthe sumof the squaresip to 102 is of coursethe sumof the squaresip to
92, plus 102. In this case,if | know the valueof sumSquares (n - 1), it is not too difficult to find
the valueof sumSquares n — namely | just needto addn? to it. This leadsto the following first-cut
solution.

- fun sumSquares n = sumSquares (n - 1) + n * n;

But this function hasa major problem. Whatis it? It may helpif you try to do a derivationto seehow it
computesumSquares 3.
Let'stry this.
sumSquares 3 = sumSquares (3 - 1) + 3 * 3
sumSquares 2 + 3 * 3
(sumSquares (2 - 1) + 2 * 2) + 3 * 3
(sumSquares 1 + 2 * 2) + 3 * 3
((sumSquares (1 - 1) +1* 1) +2* 2) +3* 3
((sumSquares 0 + 1 * 1) + 2 * 2) + 3 * 3
(((sumSquares ©o-1)+0*0 +1*1) +2*2) +3*3
(((sumSquares ™1 + 0 * 0) +1 * 1) +2 * 2) + 3 * 3
((((sumSquares T - 1) +1 *71) +0* 0 +1* 1) +2*2) +3*3
((((sumSquares 2 +1 *7) +0*0 +1*1) +2*2) +3*3

It'll never stop! Thisis calledinfinite recursion Any time it occurs,it’s an error, becausat meansthe
programnever computesan answer— andof coursea noneistentansweris never correct. (For the same
reasonpn multiple choicequestionsvith no penaltiefor wrong answersyou shouldalwaysguess.)How
canwe fix this?

In this casewhat’s happenings thatwe’re missinga basecase For arecursve function,abasecases
a situationwherewe don't make a recursve call to a function. Every recursve functionmusthave at least
onebasecase— arecursve functionwithout ary basecasesnustinfinitely recurseno matterwhat.

In our first-cut solution,thereis no basecase— in all situationswe make a recursve call. We needa
basecase.To determineyour basecase consider:Whatis the simplestpossiblecasefor thefunction?That
is, for whatcouldyou give animmediateanswerwithout ary furtherthinking?

Forfact ,thesimplestcase— andthebasecasen our definition— waswhenn wasat mostl. In that
casewe said,theanswemwasaflat 1: norecursiomeeded.

For this problem,too, the simplestcaseis whenthe parameter is 1. We canimmediatelysay then,
thattheanswers 1, without ary consideratiori. Incorporatingthis basecaseusingif givesusaworking
solution.

*You might argue (andl would) thatactuallythe simplestcaseis whenn < 1, in which casetheansweris 0. But thisinvolves
arguingthatif | addno numberdogethey| get0, whichis confusing.
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- fun sumSquares n =if n = 1 then 1 else sumSquares (n - 1) + n * n;
val sumSquares = fn : int -> int

Thus,therearetwo majorquestiong/ou shouldaskyourselfwhenwriting arecursve function. Thefirst
is: Whatparametevalueis themosttrivial case?Thiswill bethebasecasefor yourrecursve function. The
secondquestionyou shouldask: How would knowing the function valuesfor smallerparameterfielp me
computethe functionvaluefor a givenvalue?

Taken together thesetwo questionsconstitutewhat| will call the inductive technique for building a
recursve function. The inductive techniquewill not alwayswork — in the next chapter we'll seesome
problemswhereit doesnt, andhow we canwrite programsto solve them. But ary time recursionseems
necessaryou shouldfirst try theinductive techniqueandif thatfails you cango onto trying otherthings.

2.2.2 Multiply-r ecursive functions

The Fibonacci numbers arethe sequencesf numbersl, 1,2,3,5,8,13,...: Eachnumberis the sum of
the precedingwo in the sequenceFibonaccinumberdurn up in sunflavers, pine conesandotherequally
useful places. We want to write a functionfib thattakes aninteger n and computeshe nth Fibonacci
number

Employing the inductve method,we askoursehes: What s the simplestcase?In this example,the
trivial case— onerequiringnocomputatiorwhatever— is for n = 1, whentheanswelis 1. In thisexample,
theres actuallyanothetrtrivial casefor usto handle:n = 2. This casealso,requiresno computation.

And the secondquestion: If we're trying to computethe nth Fibonaccinumbey and we know the
Fibonaccinumberdor i < n, how canwedoit? In this case pur Fibonaccinumberdefinitiongivesit awvay:
We’'ll addthe (n — 1)st Fibonacciwith the (n — 2)nd Fibonacci.

Puttingthesetwo answergogetherheres our function.

- fun fib n=1if n=1then 1
else if n =2 then 1
else fib (n - 1) + fib (n - 2);
val fib =1fn : int -> int

Thisfunctionis interestingbecausét callsitself twicein orderto computeits own value.
How wouldtheinterpretercomputefib  4? Heres thederivation.

fib 4=fib @4 - 1) +fib (@4 - 2

fib 3 +fib (4 - 2

fib @B -1 +fb 3 - 2) +fib (4 - 2
(fib 2 +fib B -2) +fb (4 - 2
1 +fib (B -2) +fib 4 - 2

1 +fib 1) +fib 4 - 2

@ +1 +fib @4 - 2

2 +fib (4 - 2

2 + fib 2

2 +1

3

Theres anotherepresentationf arecursve function's computatiorthatis alsouseful,calledtherecursion
tree
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Figure2.1: Recursiortreefor fib 6.

In arecursionree,eachnoderepresentacallto fib . Connectedbelov agivennodearetherecursve calls
madeby thatnodein the procesf computingits returnvalue. For example,belown fib 4, we have fib
3 andfib 2, becausen orderto computefib 4, we hadto alsocomputefib 3 andfib 2 (andthen
we happenedo addtheir returnvalues).Figure2.1 containsherecursiorntreefor computingfib 6.

For singly-recursie functionslike fact , therecursiontreeisn’t very interesting.Hereis therecursion
treefor fact 4.

faTt 4

Derivationsandrecursiontreesare both usefulfor visualizinghow a recursve programworks. Since
recursiontreesaremoregraphicalandconcisethey areoftenmoreuseful.

2.3 The helper-function method

Thesecondechniquefor writing recursve functionsis moreof acatch-alltechniqudor applicationsvhere
theinductive methoddoesnt work. Sometimest won't, becaussometimesherejustwon’t beanansweto
the secondquestionof how knowing the valuesfor lessemparametersvould helpwith computingthe value
for agivensetof parameters.

2.3.1 Usinglet —in —end

Beforewe look at helperfunctionsin the contect of recursionwe needto studylet expressionsA let
expressiorgivesyouthe capabilityto temporarilydefineanidentifierfor thedurationof anexpressionThis
is frequentlya matterof corvenience.
fun distanceFallen t =

let val g = 9.78;

in 05 *g*t *t

end;
(This functioncomputeshow far anobjectwill fall towardsEarthin a certainnumberof seconds.We can
have ary sequencef identifierandfunctiondefinitionsbetweerlet andin ; betweenn andend is an
expressiorthatcomputeghevalueof theoveralllet  expression.
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As with all of our programsML doesnot careaboutline breaksandspaces— the line breaksarefor
the corvenienceof the humanreadernot becaus¢he computemeedshemto bethere.

In thisexample,betweerlet andin we definea new identifierg, with avalueof 9.78. Thenbetween
in andend we indicatehow to computethe returnvalue— in this case,(1/2)gt. Whatwe have doneis
to defineg to make thereturnvalueexpressioralittle cleaner

This definitionof g lastsonly for thedurationof thelet expression.

- val g = 42

val g = 42 : int

- distance_fallen 1.0;
val it = 489 : real
-G

val it = 42 : int

In this example,eventhoughg wasdefinedin thelet expressiorwithin distanceFallen , thisdid not
affecttheg we haddefinedoutsidethelet expression.

You canputseveraldefinitionsbetweeret andin whenit is corvenient. Thefollowing computeshe
distancetraveled by a projectilefired at a given velocity andangle. (Thatis, it doesif my physicshasnt
rustedout.)

fun distance vel angle =

let
val g = 9.78;
val horz_vel
val vert_vel

vel * Math.cos angle;
vel * Math.sin angle;

val time_aloft = 2.0 * vert_vel ! g;
in

time_aloft * horz_vel
end;

(Notice that our definition of time _aloft usesvaluesdefinedearlierin the let expression.) By us-
ing let , we canbreakthe computationinto more manageabl@ieces. This definition is much easierto
understandhanthe equivalentfunctionthatdoesnt uselet

fun distance vel angle =
(20 * vel * Math.sin angle / 9.78) * (vel * Math.cos angle);

You canplaceary numberof identifier definitionsbetweenlet andend. Functiondefinitionscan
alsoappeairhere. (After all, we've alreadyseenthatML really thinks of a function definition asa slightly
differentform of identifier definition.) In the helperfunction methodfor constructinga recursve function,
in fact,we’ll uselet to definesubfunctions.

2.3.2 Computing primality

Considethefollowing problem:We wantto developafunctionthattakesanint asaparameteandreturns
abool indicatingwhetherthegivenintegeris primeor not.

The inductve methoddoesnt help here. If | wantto knov whether143 is prime, telling me which
numbersbefore143 areprimeisn’t extremelyhelpful. To determineprimality, | really needto try several
numbersout, to seeif ary divide into 143.

What we'll do is to definea differentfunction within alet . This helperfunction will exist solely
to iteratethrougha sequencef numbersto seewhetherary divide into 143 (or whatever the parameter
happengo be). Heres the function.



12 CHAPTERZ2. RECURSION

fun isPrime num =

let
fun testFactor i =
if i * i > num then true
else if num modi = 0 then false
else testFactor i + 1)

in
testFactor 2
end;

ThetestFactor  helperfunctiontakesaparameter onwhichwe're currentlyworking, andseesvhether
we've passed/num yet. If we have, thenwe've testedall the possibilitieswith no succesandsowe know

num mustbe prime andsowe returntrue . If we havent, we seewhetherthisi dividesinto num. If it

does,thenwe know numisn’t prime andsowe returnfalse . If neitherof theseapply thenwe male a
recursve call to testFactor  with theparameter beingonemorethanbefore.

Let'sdoadervationto seehow thisworksfor isPrime  77.
isPrime 77 = testFactor
testFactor
testFactor
testFactor
testFactor
testFactor
false

In this example,testFactor continuedmakingrecursve callsuntil it reached?, atwhich pointit found
thatnummodi waszero,andsoit returnedfalse

~No o~ wN

2.3.3 Helper-function techniquedefined

Thisis the helperfunctiontechnique:Theinductive methoddidn’t work, becauseve really needto referto
the parametein the processof determiningthe answer (In this case we really neededo try dividing the
isPrime parameteby seseral possibilities.)Sowe definea helperfunctioninsidealet expressiorto go
throughtherepetitionneededo accomplisithetaskrequired.

Essentially the helperfunction techniquegives a way of translatinga loop (a la imperatve program-
ming) into a recursve function. In the caseof primality testing,we might write animperatve programas
follows.

i = 2
loop
if i * i > num then
return  true;
elsif num mod i = 0 then
return false;
else
=0+ 1
end if;
end loop;

We translatedhis into a helperfunctionusingthefollowing technique.The helperfunction correspondso
theloop of this program. The loop usesa singlevariablei in its processingso our helperfunction hasa
singleparameter . Becausewe initialize i to be 2 beforeenteringthe loop, we usetestFactor 2 to
enterthe helperfunction (in thein partof thelet expression).And the helperfunctionis a systematic
translationof the body of theloop: If theloop continuedfor anotheriteration, this translatego arecursve
call with the updatedparameter/ariables. If the loop exits, thenthis corresponddo a basecasefor the
helperfunction’s recursion.
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Whenthe inductive techniques feasible,it is preferableto the helperfunctiontechniqueasit is typi-
cally easierto understancgandmorein line with the philosophyof functionalprogramming.If you arean
inveteratamperatve programmeryou mayinitially have difficulty with theinductive techniquebut you'll
be a betterprogrammereven a betterimperative programmerfor understandingt. Don’t usethe helper
functiontechniqueasa crutchfor simulatingimperatve programsn afunctionalprogrammindanguage.

On the other hand, the similarity betweenloops and helperfunctionsleadsto an interestingresult:
Anything you cando with animperatve programminganguagecanalsobe donein afunctionallanguage.
Proving this involvesshaving atechniguethattakesanimperatie programandsystematicallytranslatest
into afunctionalprogram.Theresultingprogramwon't be beautiful— andit certainlywon’t bein line with
thefunctionalprogrammingphilosophy But the helperfunctiontechniquds the essentiaingredientto this
proof.

2.3.4 Computing a squareroot

Let'slook at anotherexample:computingthe squareroot of a numberz. We've alreadyseenthattheres a
built-in functionMath.sqrt  thataccomplisheghis, but let’'s seehow we might build our own functionto
doasimilarthing.

We'll accomplistthis usingbinary search: We'll startwith a wide rangewherethe squareroot might
lie, andwe’ll successely halve it until it is very narraw. To narrav the range,we’ll choosethe middle
numberin the rangeanddeterminewhetherit lies abore or below the squareroot by comparingits square
tozx.

This techniguecant be codedusingthe inductive technique,becausét requiresin the processinga
referenceo z (to determineon which sideof the squarerootthe middle numberlies). Sowe’ll have to use
the helperfunction method.

In this example,the helperfunctionwill have two parametersiepresentinghelower andupperbounds
of thecurrentrange.

fun squareRoot x =
let
fun DbinarySearch low high =
let
val m= (low + high) [/ 2.0;
in

if m* m>x + 0.0001 then binarySearch low m
else if m* m< x - 0.0001 then binarySearch m high
else m

end;

in
binarySearch 0.0 x
end;

Within the helperfunction,we computethe middlenumbembetweerthe parametersow andhigh . Then
we seeif m? is too muchmorethanz. If it is, we make arecursve call to searchin the lower half of the
range.If it is too muchlessthanz, we malke arecursve call to theupperhalf of therange.And otherwise
(if m? is very closeto ), we returnthe numberm.

2.3.5 Fibonaccisrevisited

Let'slook atanalternatve implementatiorof Fibonaccinumbercomputationlf youlook atFigure2.1,you
may noticesomethingpeculiar:In thecourseof computingfib 6, we computedib 3 threetimes.This
is quiteawaste.
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In fact, if you think abouthow fib  works, to computefib n, it addsl to itself fib  n times: the
returnvaluesfor aleaf of thetree(thatis, a basecase)is 1, while the returnvaluefor a non-leafis just the
sumof thereturnvaluesfor its two children. Sothereturnvalueof eachnodeis just a countof the number
of leavesdescendeffom thatnode.

Thisis quite slow: Thenth Fibonaccinumber it turnsout, is quite closeto 1.618" /+/5. (Here,1.618 is
actuallythegoldenratio, (1++/5)/2.) Thespeedf this programis proportionato this, soit hasexponential
growth. In fact,| timedour earlierdefinitionof fib  programon my computerandfoundthefollowing.

fio 30 took0.112 seconds

fio 35 took1.280 seconds

fio 40 took14.851 seconds

fib 60 took7years,1 month,12.5 days

('m justguessingnthatlastone;l didn't actuallywait thatlong.)

Theres anotheralgorithmfor computingFibonaccinumbersfollowing theway you might actuallylist
them: Work from the bottomandgo upwards. Thatis, compute2 by addingthe previoustwo Fibonaccis;
thencompute3; thenb; then8, 13, 21, etc. Theinductie techniquewon’t leadyou to this algorithm, but
you canusethe helperfunction techniqueto write a function usingthis algorithm. In this helperfunction,
we’ll usethreeparameterandicatingwhich Fibonacciwe're currentlyon, whatthatFibonacciis, andwhat
the previous Fibonacciis.

fun fastFib n =

let
fun ithFib i this prev : real =
if i >= n then this else ithFib (i + 1) (this + prev) this;
in
ithFib 2 1 1
end;

Herewe're sayingthatif we've reachedhedesiredribonaccithehelperfunctioncanjustreturnthecurrent
Fibonacci. Otherwise we go to the next Fibonacciby makinga recursve call for the next numberof the
sequencéthatis,this  + prev ), wherethis istheFibonacciprecedingt.

Thetimingsfor this programaremuchmorereasonable.

fastFib 30 took0.77 milliseconds
fastFib 35 took0.88 milliseconds
fastFib 40 took0.99 milliseconds
fastFib 60 took1.49 milliseconds

As you canseethe growth of fastFib  'srunningtime s linear asopposedo fib ’sexponentialgrowth.
With fastFib , computingb moreFibonaccigakesanadditional0.5 millisecondswhereadib takes11
timesmoretime to accomplishthe samething.



Chapter 3

Mor e about ML functions

Eventuallywe’ll getinto workingwith morecomplex datathanjustnumbersandBooleansput first we need
to revisit functionsandlearnmoredetailsabouthow functionswork in ML. We glossedover detailsabout
functionsbefore,but they’re soimportantto ML programminghatwe really needto understandhemto be
ML masters.

3.1 Functions asparameters

In ML, functionsaretreatedon the samelevel asraw data. What this meansis that you canwork with
functionsin the sameway you canwork with othertypesof data. For example,a function might take
a function asa parameteror it might computea differentfunction. For example,considerthe following
functionthattakesafunctionandscalest by a constant.

- fun scaleFunction func factor =

= let

= fun funcScaled x = factor * func x;

= in

= funcScaled

= end;

val scaleFunction =fn : (int -> int) -> int -> (int -> int)

This functiontakestwo parametersafunctionfunc from integersto integers,andanintegerfactor . It
computesnew functionfuncScaled (afunctionfromintegersto integers)andreturnsthis new function.

Now if we have a functionof somesort, like 3z? + 5, andwe wantto scaleit by a factorof 2, we can
call scaleFunction to accomplistthis.

- fun example x =3 * x * x + b5

val example = fn : int -> int

- val scaled = scaleFunction example 2;
val scaled = fn : int -> int

- scaled 1;

val it =16 : int

Herewe definethevaluescaled tobewhatscaleFunction returns.SincescaleFunction returns
afunctionfrom integersto integers,scaled is this functionfrom integersto integers. In this example,in
fact, it is twice theexample function: scaled computesz? + 10. Now giventhe numberl, scaled
returns6 - 12 + 10 = 16.

©2001,Carl Burch. All rightsresered.
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3.2 Multiple parametersrevisited

Recallwhenwe defineddist , afunctionthattakesfour parameters.

- fun dist x0 yO x1 yl = Math.sqrt (sq (x0 - x1) + sg (YO - yl1));

val dist =fn : real -> real -> real -> real -> real
We glossedover the responseof the interpreterherewithout really thinking aboutit. Hiddenin it is an
interestingtidbit abouthow ML works. Theresponsesaysthatdist is afunctionthattakesasinglereal
asaparameterandit returnsareal -> real -> real -> real . Of coursethisisitselfafunction
takingareal asaparameteandreturningareal -> real -> real , whichis afunctiontakinga
real asaparameteandreturningareal -> real , whichisafunctiontakingareal asaparameter
andreturningareal

ML really doesnt have a capacityfor storingfunctionsthat take morethanone parameteiat a time,
becausat doesnt needit. Instead,it remembersa multiple-parametefunction as being a function that
takesthefirst parameteandcomputesanotherfunctionthattakesthe secondparameteandreturnsavalue.

Usually this doesnt make ary difference— andyou canwrite perfectlyreasonabl@rogramswithout
understandinghis atall (whichis why we glossedverit before).But this factcanleadto someinteresting

results.For example,thefollowing would bea completelyiegitimatething to doin ML.
- val dist 00 = dist 0.0 0.0;

val dist 00 =fn : real -> real -> real
Whatwe have donehereis to createanew identifier, representingfunction— namely thefunctionreturned
by passing).0 intodist andthen0.0 into thatreturnvalue.Thisgivesusareal -> real -> real ,

which we canusesubsequently
- dist 00 3.0 4.0;

val it =50 : real
- dist 00 12.0 5.0;
val it = 13.0 : real

3.3 Anonymousfunctions

Sincefunctionsaresoprevalentin ML, it’ s usefulto beableto definefunctionswithouthaving to gothrough
the botherof namingthem. For example,whenwe usedscaleFunction before,we hadto nameour
examplefunction (we choseexample ), eventhoughwe really didn’'t wantto refer to the function more
thanonce.

ML providesa way for you to describea functionwithout giving it a name. Thefollowing is a briefer
versionof our function-scalingexampleemploying ananorymousfunction.

- val scaled = scaleFunction fn x =3* x* x +5) 2
val scaled = fn : int -> int
- scaled 1;

val it =16 : int
Herewe've definedanunnamedthrowaway functionthattakesasingleparameteg andreturns3z2 +5, and
we've passedhisfunctioninto scaleFunction . Thewordfn beginsananorymousfunctiondefinition,
followedby the nameof the parameteandaright arrov => to separateéhe parametefrom thereturnvalue
expression.(This arrow is a slight inconsisteng from definingfunctionswith fun , wherean equalssign
separatethe parametefrom the expressionput that's how it is.)

Therearetwo importantrestrictionson theseanorymousfunctions. The minor restrictionis thatthey
canhave only oneparameter (This restrictionis just minor, becauseve caneasily definea function that
takesthefirst parameteandreturnsa functiontakingthe secondbarameteandcomputingthe returnvalue
for both,similarto whatwe saw in Section3.2.) Themajorrestrictionis that,becausehereis no namewith
whichto referto it, ananorymousfunctioncannotberecursve.
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3.4 Identifier binding time

Whenit definesa function, the ML interpreterusesthe identifiers definedat the time of the function’s
definition. To understandhis distinction,considerthefollowing transcript.

- val g = 9.78;

val g = 9.78 : real

- fun distanceFallen t =05 *g*t *t
val distanceFallen =fn : real -> real

- distanceFallen 1.0;

val it = 4.89 : real

- val g = 1.62;

val g = 1.62 : real

- distanceFallen 1.0;

val it = 489 : real

We definedg to representhe Earths gravity, andthenwe definedthe distanceFallen functionto use
thisg. Laterwe changed for the Moon'’s gravity, but this did not affect the behaior of thefunction.

This issuebecomesmportantin writing larger programs. In theselarger programs,you breakthe
programinto subproblemsgachsubproblemhandledby a function. And thenyou write functionsthat
combinethesefunctionsinto the problemat hand. Now if, in the processof writing this overall function,
you discorer that a subproblens function is wrong, you will redefinethis subproblens function. But
becauseof the binding-timeissueillustrated by the above transcript,you mustalso redefinethe overall
functionto affecttheoverall function’s behaior.

Considerthefollowing example.

- fun sq x : real = x * x * x;

val sq =fn : real -> real

- fun dist x0 yO x1 yl = Math.sqrt (sq (x1 - x0) + sqg (yI - y0));
val dist =fn : real -> real -> real -> real -> real

- dist 0.0 0.0 3.0 4.0
val it = 9.53939201417 : real

“Hold on;’ youthink, “that testwassupposedo return5!” On furtherinvestigationyou noticethatsq was

misdefined Soyourepairit andretest.
- fun sq x : real = x * x;
val sq =fn : real -> real
- dist 0.0 0.0 3.0 4.0;
val it = 9.53939201417 : real

If you're notfamiliarwith the binding-timeissue this responsevill throw you for aloop: How coulddist
beunchangedf | changedchow sq works?Of coursetheansweiis thatdist s still usingtheold valueof

sq; if wewantto usethenew sq, we have to redefinedist .
- fun dist x0 yO x1 yl = Math.sqrt (sg (x1 - x0) + sqgq (y1I - y0));

val dist =fn : real -> real -> real -> real -> real
- dist 0.0 0.0 3.0 4.0
val it =50 : real

3.5 Polymorphic functions

Sometimegou canwrite a functionthatis completelyambiguousaboutthetype of its parameterFor these
functions,ML will maintainambiguity assuming/ouwishto keepthefunctionasgenerabspossible.Such
functionsare called polymorphic functions, becausdhey will changeshapebasedon the parametergou
giveit.

Considerfor example,thefollowing definitionof theidentity function.
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- fun identity X = X;
val identity =fn : 'a > ‘a

The’a intheinterpreters responsés pronouncealphg it is aplaceholdefor whatevertypeis appropriate,
giventhe parameteryou usewhencalling thefunction. Theinterpreters reply indicateshatidentity is
afunctiontakinganalphaasa parameteandreturninganalpha.We canpassarythingatall to thisfunction,
andit will reinterpretidentity to meanwhatwe want.

- identity 3;

val it =3 : int

- identity true;

val it = true : bool

- identity real;

val it =fn : int -> real
In thefirst casetheinterpreteranidentity asa functionfrom integersto integers.In thesecondit ran
identity asafunctionfrom Booleango Booleans.And thethird time, it ranidentity asafunction
from functionsfrom integersto realsto functionsfrom integersto reals.

More impressie examplesare possible. The following function takes two parametersf and g and
computegheir composition— thatis, thefunctionthat,givenaparameter:, computesf (g(x)).

- fun compose f g = (fn x =>f (g x));

val compose =fn : (a -> b)) -> (¢ ->"a ->'c > Db

The responséhereindicatesthat compose is a function taking two functionsas parameters.The first
functionis from alphasto betas,andthe secondfunctionis from gammado alphas.(Notice that ML has
inferredthatthe returntype of g mustmatchthe parametetype of f .) The functioncompose returnsa
functionfrom gammasgo betas.

- val realRound = compose real round;
val realRound = fn : real -> real

- realRound 3.8;
val it = 40 : real

In thisexample,we createdafunctionrealRound , whichisthecompositiorof thebuilt-in functionreal
andthebuilt-in functionround . It takesalphato beint , andbetaandgammao bereal , andit computes
the compositionbasedn this.

Infact,| fibbedabit whenl wrotedown how SML wouldrespondyivenmy definitionof scaleFunction
earlier Therewasnothingin the function thatindicatedwhat type the parametefunction took asits pa-
rameter For this reason,scaleFunction is actually polymorphic. The interpreterwould respondas
follows.

val scaleFunction =fn : (a -> int) -> int ->'a -> int
So the function could just as easily scalea function from realsto integers, or even functionsthat return
integersgivenafunctionfrom realsto reals.
3.6 Pattern matching and cases

ML includesawayto defineafunction's behaior for differentcasef parametersisingatechniquecalled
pattern matching. In this technique we list possiblecasesseparatedby a vertical bar (‘| ’). Hereis a
redefinitionof thefactorialfunctionfact usingpatternmatching.

fun fib 1 =1
| fib 2 =1
| fib n=fb (n - 1) +fib (n - 2);
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In evaluatinga function’s value for a given parameterthe interpreterwill try eachof the casesand see
whetherit matcheghe parameterFor example,if the parameters 1, thenthis matcheghefirst casdlisted,
andsothereturnvalueis 1. If the parameteis 3, neitherthe first casenor the secondcasematchesput
3 doesmatchthe third case(wherewe take n to be 3); sothereturnvalueis the value of the expression
fiob 3 - 1) +fib @B - 2).

Usingthe numericvalueswe have seensofar, a patterncanbe only eithera particularvalue (like 1 or
2), or it canbeanidentifiername.Theidentifierwill matchanything.

If your function doesnt cover all the cases SML will kindly warn you aboutthe problem,in caseit
indicatesanerrorin your program.(Sometimest’'sfine.)

- fun fib 1 =1

= | fib 2 =1

= | fib 3 = 2;

stdin:17.1-19.14 Warning: match nonexhaustive
1= ..
2 => ..
3 = ..

val fib =1fn : int -> int

Theinterpreterherestill createdhefib function,but if you call it with a parametethat matcheshoneof
the casesit spitsbackanerror.
- fib 5
uncaught exception  nonexhaustive match failure
raised at: stdIn:19.13

Patternmatchingfor thefunctionswe've seensofaris justa minor corvenience— basically it's some-
timesanalternatve to usingif in thereturnvalueexpressionButin mary situationsjt is necessaryin the
next chaptewe’ll seesomeof thesecasesandwe’ll be usingpatternmatchingaggressiely aswe develop
our functions.
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Chapter 4

Compositetypes

We've only worked with elementary data types sofar — integers,floating-pointnumbersandBooleans.
Theseaypescanonly represenbneelementapieceof data.But we oftenwantto beableto represenseveral
piecesof dataat once.To do this, we needcompositedata types

4.1 Tuples

A tuple in ML is astructurehathasseveraldatatypesputtogether A tuplecouldhave anintegerandareal
number representingerhapsa students ID numberandgrade.

- val student = (94827, 50.0 + 33.08);
val student = (94827,83.08) ;int * real

A tuple’s valueis representedssereral valueslistedin parenthesesyith commasseparatinghevalues.A
tuple’s typelists thetypesof the separatevaluesin order separatedby asteriskg'*’).

Somehuilt-in functionstake atupleasa parameterFor example thebuilt-in functionMath.pow takes
atuple containingtwo realnumbersr andy asa parameterandreturnstheresultz?.

- Math.pow (2.0, 5.0);
val it = 320 : real

Tuplesareusefulfor parametersvhenwe wantto groupsometogether For example,whenwe wrote
ourdist function, it would be nice if we could actually have two parametersnsteadof four, with each
parametebeingatuple of two numbergepresenting point.

- fun dist (x0, y0) (x1, yl) = Math.sqrt (sg (x0 - x1) + sq (YO - yl1));

val dist =fn : real * real -> real * real -> real
We're using patternmatchinghere: The pattern(x0, y0) matchesa tuple of two values,andwe let x0
representhefirst valueof thetupleandyO representhesecondvalue.

If we wantto usethefunction,we passt two tuples.

- dist (0.0, 0.00 (3.0, 4.0);
val it =50 : real

We canof coursedefineanidentifierto beatuple,andthenpassheidentifier’s valueinto the function.

- val origin = (0.0, 0.0);

val origin = (0.0,0.0) : real * real
- dist origin (3.0, 4.0);

val it =50 : real

©2001,Carl Burch. All rightsresered.
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Tuplesarepatrticularlyusefulwhenwe wantafunctionto returnmultiple values.For example we might
wantafunctionthattranslates point by a givenoffset.

- fun translate (x, y) (delta_x, delta_y) = (x + delta_x, y + delta y);
val translate =fn : int *int -> int * int -> int * int

Returninga tuple is morethan a corvenience: Before this, writing a function that could return multiple
valueswasanimpossibility

4.2 Lists

Lists in ML give a way of representingeveral dataelementsof the sametype. The distinction between
tuplesandlists givesaninterestingtradeof: A tupletype allows you to mix typestogether but it restricts
youto afixedcombinatiorof types.A list is of variablelength,but eachitem of thelist mustbe of thesame
type.

You candenotea particularlist in ML by enclosingt in braclets,with the differentelementsf thelist
separatetby commas.

- [2, 3, 5 7 11]

val it = [2,3,5,7,11] ;oint  list

The ML interpreters responsegjivesthetype of thislist: It is alist of integers. Noticethatthetype doesnt
indicatearnything aboutthelengthof thelist — it just givesthetype of the elementsf thelist.

Thereis aspecialpre-definecconstantist callednil by theinterpreterwhichis theemptylist, [] .

- nil;

val it =1 : ’'a list

As thistranscriptindicatesnil is polymorphic.We'll usenil frequentlywhile writing our programs.

4.2.1 The consoperator

Lists have anexpressionoperatorcalledthe consoperator :: . Givena dataelementon the left side,and
a list of dataelement=n theright, the consoperatorcomputesa list startingwith the elementon left and
followed by thelist onright.

- 25 [35]

val it = [2,3,5] »oint  list
Notice the asymmetryof this operator— while otheroperatorsve have seenhave the sametype on either
sideof the operatoythe consoperatorhasa dataelementon the left sideandal list of dataelementof the
sametypeontheright side.

Also in contrastto the other operatorsthe consoperatoris right-associatve. OtheroperatorsJike
subtractionareleft-associatie: 2 - 3 - 5isunderstoods(2 - 3) - 5. Buttheconsoperatolgoes
theotherway:2 :: 3 :: [5] isunderstoods2 :: (3 : [5])

The consoperatorgivesus a way of building up a list. Considerthe following function, designedo
build alist of the numberdrom n dowvnto 1.

fun countDown n =if n = 0 then [] else n : countDown (n - 1);

We have usedtheinductive methodto build this function: Givenalist of numberdromn — 1 downto 1, we
canreasonwe canconstructalist of numberdrom n down to 1 by simply puttingn on thefront usingthe
consoperator
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4.2.2 Simplelist functions

Whenwe work with lists, we'll frequentlywantto write functionsthattake a list asa parameteanditerate
throughthelist. We’'ll write thesefunctionsusingtheinductive method— thinkingto oursehes: If we want
to know theresultfor a givenlist of lengthn, how couldwe figureit out giventheresultsfor lists of length
lessthann?

Summingalist of integers

For example,say we wantto computethe sum of everythingin alist. If we have a list of four numbers
[2,3,5,7] , it would be easyto figure out the sumif we knew the sumfor lists of threeintegers,because
thenwe couldsimplyadd2 to thesumof thelist of threeintegers[3,5,7] . Thebasecasdor thisreasoning
would bealist of zerointegers. The sumof nonumbersatall is zero.

Our ML implementatiorof this reasoningemploys patternmatching.

fun sumList nil =0
| sumList (data::rest) = data + sumList rest;

Our first casehandleshe basecase:The sumof the numberan theemptylist is 0. The secondcaseis the
inductive step: Givena list with data atthefront andrest beingthe numbersfollowing it, the sumof
everythingin data::rest isdata plusthesumof thenumbersn rest

Heres a dervationdemonstratindiow this would work with [2,3,5,7]

sumlList  [2,3,5,7] 2 sumList  [3,5,7]

2 3 sumList  [5,7])

3 (5 + sumList [7])
3 (5 + (7 + sumList nil)))
3 G + (7 + 0)

+
+

2
2
17

T TR TR TR TR
N
+ + + +
+ + +

The namesof the identifiersdata andrest arent special: What's specialis the use of the cons
operatoiin the pattern which matchesvhat's on theleft-handsideto thefirst item of thelist andwhat's on
theright-handsideto therestof thelist.

This structuredefinesa templatefor probably90% of thelist functionswe write:

fun functionName nil = ... base case...

| functionName  (data::rest) =
i nductive step combining data and functi onNane rest...

We'll now seetwo moreexamplesemploying this samestructure.

Finding a student’'sgrade

Saywe have a classrepresentetby a list of studentsegachstudentrepresentedby a tuple of aninteger ID
numberand a real grade. We wantto write a function to find the gradefor the studentwith a given ID
number Using the samereasoningasbefore,we askourselhesthis: Supposave knewv how to determine
how to find thegradein a shorterist; would thathelpusto find thegradein a givenlist?

We answer:Of course!We canimmediatelycheckwhetherthe ID numberis at the front of thelist; if
it's not, thenit mustbein therestof it, andsowe canuseour ability to find the gradein this shorterlist.
Thisreasonings exactly whatwe canwrite in our function.

fun findGrade id nil = 0.0

| findGrade id ((data, grade)::rest) =
if data = id then grade else findGrade id rest;
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We decidedto make a basecasehere,thoughtechnicallythe problemdefinition didn’t call for it, just so
somethingeasonabldéappensf the functionis givenanID numberfor a studentnotin thelist.

Notice the useof pattern-matchingn the secondcasehere: We matchdata to bethefirst elementof
thetuple at the headof thelist andgrade to the be the secondelementof thetuple; andwe letrest be
everythingafterthisfirst student.The ML interpretemwill interpretthis appropriately

val findGrade = fn a -> ("a * real) list -> real
Theinterpreterinferredthat the secondparameters a list of tuplesby looking at the patternin the second
case;it knows the secondtem in eachtupleis arealnumberbecauseén onesituationthe functionreturns
therealnumber(0.0 andin anotherit returnsthe secondelementof the tuple; hencethe secondelementof
thetuplemustbeareal. It infersthatthefirst elementof thelistis "a , indicatingthatthisis apolymorphic
function. (Thetwo quotesareto indicatethatthe type mustsupportequality-testing.)

Inserting into an ordered list

In the final exampleproblem,we wantto write a functionthattakesa parameter: anda list L of integers
thatthefunctioncanassumeas in increasingorder Thefunctionshouldreturnalist includingbothz andall
theelementf L, maintainingthe sameincreasingorder
Again, we reason:lf we know how to insertz into alist shorterthan L, how doesthathelp usinsertz
into L.?
fun insAscending x nil = [X]
| insAscending X (data::rest) =
if x <= data then x:data:rest;
else data::(insAscending X rest)

This solutionobseresthat, if x is atmostthefirstitemin L, thenwe simply wantto returnalist with x first
andthen L following. Otherwisewe know z follows thefirstitemin thelist, andsotheresultwould insert
z into theitemsfollowing thefirst item, andthenaddthefirst item of L atthefront of thelist.

4.2.3 Complexlist functions

Sometimeghis templatedoesnt fit. To seesomeexamples,we’ll investigatean implementationof the
merge sort algorithm— a particularalgorithmfor sortinga list of items. Thisis a recursve algorithmthat
worksby first splitting thelist into two equal-sizeghieces.Then,usingmergesortrecursiely, thealgorithm
sortseachof thesepieces. Thenwe memge the two sortedlists together Figure 4.1 hasa recursiontree
diagrammingpf how this algorithmmight sortalist of numbers.

Thisalgorithmhasthreeparts:splitting thelist, sortingeachhalf, andthenmeging them.Eachdiverges
from the standardist algorithm.We'll look at thefirst part,thenthethird, thenthesecond.

In thefirst part,we wantto createa functionthattakesalist asa parameteandreturnsalist containing
half of the elementf the parametetist. To do this, we’ll write everyOther , which returnsevery other
elementin thelist. While the simplelist functionsgo down thelist oneelementat atime, in this function
we’ll godown thelist two elementsat atime. Eachtime, we’ll only addthefirst of thetwo elementdo the
returnedist.

fun everyOther  nil  =nil
| everyOther [x] =[X]
| everyOther  (x:y::rest) = X i (everyOther rest);

To write this, we hadto includea secondasecase— if theres justoneelementwe cant really talk about
the first two elementsof the list. (This secondcaseis analogougo the secondbasecaserequiredin our
recursve implementatiorof fib )
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Figure4.1: An examplerecursionreefor meigesort. Thelinesarelabeledby returnvalues.

The third part — meging two lists — involves a function taking two lists as parameters.In each
recursve call, we look atthefront of bothof thelists; thelessemwill go atthefront of thereturnedist. Then
we make arecursve call onbothlists, with thelesserremovedfrom its list. In thisrecursve call, oneof the
parametersvill beidenticalandoneof the parametersvill be oneelementshorter Our basecaseis when

oneof thetwo lists is empty

fun merge nil list = list
| merge list nil = list
| merge (dataO::rest0) (datal:restl) =
if data0 < datal
then data0 :: (merge rest0 (datal:.restl))
else datal : (merge (dataO::rest0) restl);

And our second(andfinal) partis to sortalist. We'll breakthe parametetist into two halves (oneby
calling everyOther  onthe parametetist andthe otherby calling everyOther  on the parametetist
with thefirst elementremaoved), sort eachhalf usinga recursve call, andthenusingmerge to sortthem.
Our basecaseis whenwe reachanemptylist or aone-elementist — in bothcasessortingthelist is trivial.

fun mergeSort nil = nil
| mergeSort [data] = [data]
| mergeSort (data:rest) =
let
val oddElts = everyOther (data:rest);
val evenElts = everyOther rest;
val sortedOddElts = mergeSort oddElts;
val sortedEvenElts = mergeSort evenElts;
in

merge sortedOddElts sortedEvenElts
end;
Writing list functionslike thesetake a bit of inspiration;all threeusedthe inductve method,but none
of the casesusedthe typical list-functiontemplateof combiningthe headof thelist with the answeffor the
list with this headelementemoved.

4.2.4 Built-in list functions

ML includesa hostof built-in list functionsto aid you in writing programsthat work with lists. These
functionsrepresentommonoperationsyou might wantto performon lists; it’s usefulto studythesetools
sothatyou don't endup reinventingthewheel(or thehammeyif you prefernotto mix metaphors).
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For example,it’s frequentlyusefulto find the sumof everythingin alist. Thelength functiondoes
this. Usingthiswith thesumList functionwe wroteearliefr we candefineafunctionthatfindstheaverage
of alist of integers.

- length [3,4,5,6];

val it =4 : int
- fun average Ist = real (sumList Ist) / real (length Ist);
val it =1fn : int list -> real

Or you maywantto appendwo lists together ML provides @ anoperatorthattakestwo lists on either
sideandappendshem.

- [1,3,5,7] @ [2,4,6,8]
val it = [1,3,5,7,2,4,6,8] ©oint  list

Themapfunctiontakesa functionandal list andreturnsa list of the resultsof applyingthe functionto
eachelementof thelist in order For example,saywe wantto corvert a list of integersinto alist of reals;
we canjustusemapto applythefunctionreal to eachelementof thelist.

- map real [2,3,5];
val it =1[2.0, 3.0, 50] : real Ilist

Or supposeave wantto sumup the square®f all the numbersn alist. No problem:We call sumList on
thelist returnedoy mappinga squaringfunctionon eachelementof thelist.

- sumList (map (fn x => x * x) [2,3,5,7]);
val it = 87 : int

(Noticetheuseof theanorymoussquaringfunctionhere.)

Therearemary otherbuilt-in functions— this is just a sample.Wheneer you wantto do something
thatsounddike a commonthing to wantto do, checkwhetherit’s alreadybeenbuilt beforeattemptingto
build your own.

4.3 Strings (and characters)

Sofar we have beenworking exclusively with programsfor numbers.Often, however, ML functionshave
to work with text instead ML providestwo datatypesfor dealingwith text — the characterandthe string.

4.3.1 Constantvalues

The character is the moreelementarytype: It's just a singlecharacterlike a letteror a digit. In program
text, it'srepresentetdy a sharpsignfollowedby theletterenclosedn double-quotes.

- val initial = #'C";

val it = #'C" : char

A string is a sequencef several letters. It allows you to represent word or a sentence A constant
stringcanberepresenteth ML by enclosingt in double-quotes.

- val sentence = "ML is fun.";
val sentence = "ML is fun." : string

Youmaybewondering,'If astringis enclosedn double-quotedjow canl getadouble-quoténto astring?”
Theanswelis thatyou preceddghe double-quotdy the escapecharacter, the backslash\ .

- val quote = "She said, \"ML is fun.\"";
val quote = "She said, \'ML is fun\"™ . string
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Don't be fooled by the backslasheshe interpreterprints in its response— it’s just shaving an escape
characteitself sothatyouthereaderon't getconfusedaboutwhetherthe double-quotés endingthe string
or is partof thesstring. Internally thatbackslashsn't there.

“Ok,” youmaythink, “but whatif | wanta backslashn my string?” You canplacethe escapecharacter
beforea backslashoo.

- val directory = "C:\WINDOWS";
val directory = "C:\\WINDOWS" : string

You can also usethe escapecharacterto denotespecialcharacters. The mostimportantof theseis the
newline character, indicatingaline break.A backslashollowedby alower-casen givesyouthis.

- val poem = "Roses are red.\nViolets are blue.\n";
val poem = "Roses are red.\nViolets are blue.\n" . string

4.3.2 Working with strings

Likelists, ML hasseveralbuilt-in functionsfor workingwith text thatyou mightneedfor building functions
thatmanipulateext. Again,we’ll justsampleafew.

Thefirstis the built-in operator”™ ' (a caret). It workslike the' @ operatorfor appendindists, but ‘"’
appendstrings.

- "™ML" © " is fun.”
val it = "ML is fun." : string

In somesensethe built-in explode andimplode functionsarereally all you needto know about
strings. They give away of translatingstringsto andfrom lists of charactersTheexplode functiontakes
a stringandreturnsal list of characterén it; theimplode takesalist of characterandconstructsa string
includingthosecharacters.

- explode it

val it = [#'M"#'L"#" " AU AN ] . char list
- implode it

val it = "ML is fun." : string

If you've masteredvorking with lists, thenall you needto learnis thesetwo functions,andyou do whatever
you wantwith stringsalso. For example,if we wantto capitalizeall thelettersof a string, we canusethese
functionswith map andthe built-in charactefunctionChar.toUpper

- implode (map Char.toUpper (explode "ML is fun."));
val it = "ML IS FUN." : string

In factthereis a String.map  functionwhichis thestring  type's answerto thelist  type’s map
function. We couldusethatinsteadhere.

- String.map  Char.toUpper "ML is fun.";
val it = "ML IS FUN." : string

Of coursetherearemary otherbuilt-in string functions. Whenyou wantto work with strings,checkout a
referenceguideto seehow muchof whatyou wantcanbe donewith whatis alreadybuilt into ML.



