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Abstract

We considertheproblemof learningmonotoneBoolean
functions over �����	��
	� under the uniform distribution.
Specifically, given a polynomial numberof uniform ran-
dom samplesfor an unknownmonotoneBoolean func-
tion 
 , and given polynomialcomputingtime, we would
like to approximate 
 as well as possible. We describe
a simplealgorithm that we prove achieveserror at most�	��������������� ��� , improvingon thepreviousbestboundof�	�����������! #"�$&%'�(�����(� . We also prove that no algorithm,
givena polynomialnumberof samples,canguaranteeerror�	���)�+*,���! #"-$.�(���-� �(� , improvingonthepreviousbesthard-
nessboundof /0������� �(� . Theselower boundshold even
if the learning algorithm is allowedmembershipqueries.
Thusthispapersettlesto an /��! #"�$.�(� factorthequestionof
thebestachievableerror for learningtheclassof monotone
Booleanfunctionswith respectto theuniformdistribution.

1. Introduction

A monotoneBooleanfunction
 mapsbit vectors���1���2
��
to ���1���2
 , suchthat if 
)�43��657� , thenflipping any bit of 3
from � to � keeps 
'�839�:5;� . (This is sometimescalled
a positiveBooleanfunction, or, in combinatorics,a mono-
tone increasingsetsystem.) Becausemonotonefunctions
encompassa very broad classof Booleanexpressions—
specificallyall circuitsincludingno negations—algorithms
to learnthemareof specialinterest.

For a particular Boolean target concept 
 and a hy-
pothesisfunction < , we definethe error of < asthe frac-
tion of points 3 where <)�43��>=5?
)�43�� ; that is, the error is@BA'C <'�839�D=5E
'�839�GF for bit vectors 3 chosenuniformly from���1���2
�� . (All probabilitiesin this paperareover the uni-
form distribution.) Becauseof the generalityof monotone
functions,this paperusuallydiscusseserrorsof nearly ����� .
To simplify discussion,we sometimesusethe closely re-H
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latedconceptof correlation, which for error K is definedas�L�M��K .
The algorithmswe discussare for learningmonotone

functions with respectto the uniform distribution. In
other words, the algorithm hasaccessto an exampleor-
acle NPODQSRUT'V for a hidden monotonefunction 
 , that
when invoked producesa pair �83'�W
'�839��� where 3 is cho-
senuniformly at randomfrom �2�1���2
�� . The goal of the
learningalgorithmis to producea goodapproximationto
 (a hypothesiswith low error over the uniform distribu-
tion) usingpolynomial time and a polynomialnumberof
samples. Achieving error �	�-� is trivial; achieving error�	�-���X���ZY9[�\8]1�4�(� is called“weak learning”; andachieving
arbitrarily low error ^ in time polynomial in �	�-^ is called
“stronglearning”. A morepowerful oraclethan NPODQ_R`T'V
is themembershipqueryoracle Q_V`Q_a.VUb thatallows the
algorithm to query 
 at arbitrary points of its choosing.
Ourupperbounds(algorithms)useonly NPO,Q_R`T)V but our
lower bounds(hardnessresults)hold even if the algorithm
hasaccessto Q_V`Q_a.V`b aswell.

Onereasontheproblemof learningmonotonefunctions
from randomexamplesis interestingis that for several im-
portantsubclassesof monotonefunctions,theupperbounds
for the generalclassof monotonefunctionsare the best
known. The mostprominentsuchsubclass,to which the
algorithmof this paperis an improvement,is the classof
monotoneDNF formulas. (Somerestrictedsubclassesof
monotoneDNF, suchas c DNF, whereeachvariableap-
pearsat mostonce,have known strong-learningalgorithms
[6, 7].) The study of learningmonotonefunctionsunder
theuniformdistributionis alsoinspiredby thefactthatthey
standat thethresholdof what is weaklylearnable.Kearns,
Li, andValiant observe on proposingthe problem: “Gen-
eralizationin any direction—uniform distributions to ar-
bitrary distributions, weak learningto stronglearning,or
monotonefunctions to arbitrary functions—resultsin in-
tractability” [6].

Thefirst resultson learningmonotonefunctionsover the
uniform distribution wereby Kearnset al [6]. Their algo-
rithm begins by drawing a sampleof dataand producing
the constant-onefunction ( <'�839�+5d� ) or the constant-zero
function ( <)�43��e5f� ) if the numberof positive examples
seendifferssignificantlyfromthenumberof negativesseen.



Otherwise,theiralgorithmoutputsthesingle-variablefunc-
tion ( 
)�43��.5g3�h ) thathashighestobservedcorrelationwith
the data. By resultsof Aldous [1] theremustexist some
variablewith correlation �����	�-�(� , and thus their error is�	���i�����������(� . BshoutyandTamon[4] improve on this
guaranteeusingresultsof Kahn,Kalai, andLinial [5]. They
demonstratean algorithm which outputs linear-threshold
functionsandguaranteeserroratmost �������6�����! #"�$&%'�(���-�(� .
Bshoutyand Tamonalso describesuper-polynomial-time
algorithmswith betterguarantees.

In this paperwe presentan algorithmthat achieves er-
ror at most �	���i����������� �(� . The approachis especially
simple. In brief, we prove that one of three functions
achieves this correlation: the constant-onefunction, the
constant-zerofunction,or themajority function( <'�839�j5k�
if f l h 3 hLm �(��� ). By samplingenoughtimesto determine
which of thesethreeis best-correlated,we achieve the re-
sult.

We complementthis result with a lower boundshow-
ing that this simple algorithm is nearly the bestpossible.
Specifically, no algorithm,given only a polynomial num-
ber of accessesto the target function, canguaranteeerror�	���)�+*,���! #"-$.�(��� � �(� , evenif it canuseboththe NPO,Q_R`T)V
and Q_V`Q_aLV`b oracles.Thebestpreviousnegative result,
using“slice” functions,is thatnosubexponential-timealgo-
rithm canguaranteeerror /0���	��� �(� [6].

In thispaper, n	3)n representsthenumberof � bits in 3 ; in
otherwords, n�3'n�5 l h 31h . We useoqp to representtheset
of size-r bit vectors:ospq5E�23ut1nZ3)nj5Xr�
 .
2. Learning a fair monotone function

A fair Booleanfunction is a Booleanfunction that la-
bels exactly half the points with � ; that is, 
 is fair if@BA'C 
'�839�U5v�wFx5y����� . In Section3 (Lemma7), we prove
that a learningalgorithmfor fair monotonefunctionsim-
plies a learningalgorithmfor generalmonotonefunctions
with only a small lossin error; thus, it sufficesto assume
that the targetfunction is fair. In this sectionwe show that
anespeciallysimplealgorithm—namely, thealgorithmthat
blindly returnsthe majority function over all variables—
learnsfair monotonefunctionswith error at most �	�-�0������	� � �(� . That is, weshow thatthemajority functioncor-
relatesweaklywith every fair monotonefunction.

Theintuition motivatingthis propositionis that thebest
fair monotonefunction for foiling the majority function
wouldbethemostlopsidedfunctionimaginable,thesingle-
variablefunction 
'�839�_5d3{z . (Surprisingly, the converse
is not true: Ben-Or and Linial demonstratethat the ma-
jority functiondoesnot minimizecorrelationwith thebest
single-variablefunction [2].) The single-variablefunction

disagreeswith themajority functionona�� � ��_| } �1~ z� ��~ z��!� % �� � � �� � �� �-�(� � �� � ��� �� �
fraction of the points. Although we believe that this is
the trueworst-caseerrorof themajority function,whatwe
prove is aslightly worseapproximationguarantee.

Theorem 1 Say 
E�U���1���2
��������1���2
 is a fair monotone
function.Thenthemajority function<)�43��`5�� � if n	3)n m �(���� otherwise

haserror at most �����x�����#�	��� � .

We assumefor simplicity in this sectionthat � is odd;
thisassumptionis removedin Section3 (Lemma6).

To prove the theorem,we analyzethe quantities Y1p ,
which we defineasthe fractionof thepoints 3e�>osp such
that 
)�43��`5v� :Y p 5 @BA)C 
)�43��`5���t�3��uo p F5 t���3��_o p t�
'�839�U5v�{
�t} � p � �
(Recallthatwe definedoqp as ��3�tWn	3)nj5XrL
 , thesetof bit
vectorswith exactly r ones.)

It is easyto seethat the Y�p arenon-decreasingwith r :
Imagineplacing1’sat randominto anexamplethatinitially
is all 0’s; the probability that the exampleis positive can
only increaseasmore1’s areadded.The Kruskal-Katona
Theorem(page39,[3]) impliesthatin facttheseY p mustbe
increasingata reasonablerate.

Lemma 2 (Corollary to Kruskal-Katona [3]) For a
monotoneincreasingfunction 
 andfor �s���B���i��� , we
haveY hh �MY-�� .

We break the proof of Theorem1 into three lemmas.
Theselemmas,proven below, examine Y�� for a particular� . Define � asthesmallestnumbersothatat least �	��� of the
pointshavesizeatmost � ; thatis, � is theminimumnumber
sothat l ����(  } � � ��¡ ���	���P����� .
Lemma 3 If Y��j�g�	��� , thenTheorem1 is true.

Lemma 4 If Y9� m ���2� , thenwehaveY �1~ � ¡ Y��P¢��1� �P�-� � .

Lemma 5 If Y ��~ � ¡ Y9�(¢>��� �P��� � , thenTheorem1 is true.

Proof of Theorem 1. The above threelemmasimmedi-
atelyimply thetheorem.

Proof of Lemma 3. Let £ denotethefractionof thepoints3 with n�3'n�� � for which 
)�43��u5¤� . Sincethe Y1p are



increasingand Y9�D���	�2� , weknow that £��v���2� . Also, by
definitionof � , we have thatat mostan £B�2� fractionof the
points 3��e�����	��
	� satisfyboth nZ3)nD� � and 
)�43��.5¥� .

Because
 is fair, this meansthata �����+��£B�2� fraction
of the points 3¥�¦�����	��
	� have 
'�839�_5§� and n�3'n m � .
So ���	�-�D�¨£©���P���1�4ª-�2�&�`5��4����£B����ª of thepoints 3 wheren	3)n m � musthave 
)�43��`5v� . Becausethe Y p increasewithr , the proportionof points 3 with 
'�839�05«� is lessin the
range� ��nZ3)nD�¬�(�-� thanin therange�(�-�­�gn	3)nD�¬� . In
therange � �®n	3)ns�¯�(��� , then,where <)�43��65�� , 
'�839� is
also � for at least �U���8�j��£B����ª�5v���©¢>£B����ª of thepoints.
In therange�(�-�­�gn	3)nD�¬� , where <'�839�`5�� , 
'�839� is also� for at least �8�D�M£B���-ª of thepoints.

Thetotal fractionof pointswhere
)�43�� agreeswith <)�43��
is at least�� | ���L�M£B�(¢ �� | ���L¢¨£B�ª ¢ �� | �4�D�¨£B�ª 5 �4�D�¨£B�ª �
Thefirst termrepresentsthepointswith n�3'ns� � ; thesec-
ondthepointswith � ��n�3'nD���(�-� ; andthethird thepoints
with n�3'n ¡ �(��� . This �8����£B����ª fractionis certainlygreater
than z% ¢  ±° z² � for sufficiently large � since £e�g�	��� .
Proof of Lemma 4. Define ³ sothat � 5��(�-���¨³Z� � . A
straightforwardcalculationshows that ³ ¡X´ �1��µ . In partic-
ular, ¶ � � %¸·¹���Lº � � % ~�»¼¾½ ² ��¿ À � �1Á � Â ´�	µ � ��Ã�Ä À ��(�-��ÁjÅ� ´�	µ � � À �1�ÇÆ� �LÁ � �

(by Stirling’sapproximation)5 �	���9�
which implies ³ ¡�´ ���	µ by definitionof � .

By Lemma2, we know that Y ��~ � ¡ Y � � � ��~ � �� . Since� ���4��� � �`5��L�M�-³Z� �9���4�(�-�j¢�³±� �(� , wehaveY �1~ � ¡ Y�� | Y ~ÉÈ4Ê!Ë ÌÌWÍ�È4Î-Ê!Ë Ì� 5>Y9� |	Ï È8Ê Ë ÌÌÐÍ�È8Î�Ê Ë ÌBÑ Ò ¼ÓWÔ¡ Y�� À �`¢ ��³Z� ��(���L¢�³±� �  #Õ �Y � Á¡ Y � ¢ ª1�ÇÖ-³� � Y �  #Õ �Y�� �
The lemma’s hypothesisrequiresY9� m �	��� , and for 
 to
be fair we musthave Y��s�×�	��� . So Y��� ØÕ(���	�ZY��Z� is at least���	�-���& #Õj� . ThisgivesusY �1~ � ¡ Y � ¢ ª�� Ö-³� #ÕÙ��-� � ¡ Y � ¢ ��� �� � �
which is whatwewant.

Proof of Lemma 5. Notethatfor �Ú� � , wehaveY ��~ h ¡ Y �1~ � ¡ Y9�B¢¨��� �&� � � ¡ Y h ¢��1� �P� � ���
by ourhypothesisandthefactthat Y p increaseswith r . Also
note that l �h �(  Y h } � h � 5f���	�-��� | ��� , since 
 is fair. The
numberof points 3 where <'�839�B5�� and 
'�839�`5�� is�¹h �`Û � � %¸Ü Y h À � �±Á5 ���ÝÞ �¹ h �(  Y �1~ h À � �ZÁ ¢ Û � � %¸Ü ~ z¹h � ��ß z Y �1~ h À � ��Á¢ �¹h �`Û � � %8Ü Y1h À � ��Ájàá¡ ��>â �¹ h �(  À Y h ¢ �1� �� �LÁ À � �ZÁ¢ Û � � %¸Ü ~ z¹h � ��ß z Y h À � ��Á ¢ �¹h �`Û � � %¸Ü Y h À � ��Á,àá5 �� | � � ¢ �1� ���� � �¹ h �(  À � ��Á¡ �� | � � ¢ �1� �Æ�� � | � � �
Since< and 
 arebothfair functions,thenumberof points 3
for which <'�839�B5E� and 
'�839�U5v� is thesameasthenumber
of points 3 for which <)�43��j5×� and 
)�43��65�� . Therefore,
the numberof points 3 where <'�839�+5×� and 
'�839�s5®� is
alsoat least �� | � � ¢ ��� �Æ�� ��| � � �

Thusthetotalnumberof pointswhere <)�43��B5X
)�43�� is at
least �� | � � ¢ � | ��� �Æ�� � | � � 5X� � À �� ¢ ���Ø�� � Á �
Thereforethe majority function has an error of at most�	�-�j�¨�1�#����� � .

3. Learning monotone and unate functions

In this sectionwe show how thepreviousalgorithmfor
learning fair monotonefunctionscan be extendedto the
classof generalmonotonefunctionsandthebroaderclassof
“unate” Booleanfunctions,with essentiallythesameguar-
antees. This implies our main positive result, a learning
algorithmachieving error �����x�¨�����	�-� �(� .

First we show how to work aroundour earlierassump-
tion that � is odd.



Lemma 6 If 
 is a fair monotonetarget functionover an
evennumberof variables,thenthemajority function < has
error at most �����D�>�1�#�	� � �s¢�� .
Proof. For each �4�0¢g��� -bit vector 3�ã , define 
�ã¸�831ã!� asthe
valueof 
 on 3�ã with the lastbit removed. Since 
 is fair
andmonotone,
 ã is fair andmonotone.

Saywe have a random � -bit vector 3 with label 
'�839� .
Let 3�ã be 3 with a randombit appended,andpredict <)�43�ã!� .
(This is equivalentto themajority functionon � variables,
with the label chosenrandomly if nZ3'ng5ä�(��� .) Since
1ã��43�ã!�.5g
)�43�� , by Theorem1, theprobabilitythat <'�831ã#�­=5
'�839� is atmost �	�-�j�¨���Ø��� � �s¢E� .
3.1. Learning monotone functions

To transforman algorithm for learningfair monotone
functions into an algorithm for learningmonotonefunc-
tions, we do the following. We sampleenoughtimes to
determinewhetherthetargetconceptis approximatelyfair.
If it is far enoughaway from fair thenwe canoutputthe
constant-zeroor constant-onefunction. If not, thenweout-
put what the fair-function algorithmdoesfor the concept.
Thefollowing lemmamakesthisargumentconcrete.

Lemma 7 Saywe havean algorithm å for learning fair
monotonefunctions,which usesno samplesand outputsa
hypothesiswith error at most �	�-�(�q^ . Thenfor any £L��æ m �
wecanconstructanalgorithm å,ã for learningall monotone
functions,finding a hypothesiswith error at most �	�-�0�^Ð���4�D¢X£B� with probability �D�¨æ . This algorithm å,ã callsNPO,Q_R`T)V ���4�j¢�£B� %£ % ^ %  #Õ �æ
times.

Remark. For simplicity we examinea severely hand-
icappedalgorithm å which usesno samplesand has no
chanceof failure,sincetheparticularalgorithmwearecon-
sideringhastheseproperties.The theoremalsoholds for
moregeneralalgorithms,at theexpenseof addedcomplex-
ity andslightly worsebounds.

Proof. Saythat the target concept
 labelsa K fractionof
thepointswith � . Thenew algorithmåDã usesthesamplesto
obtainanestimateçK of K . By Hoeffding bounds,with prob-
ability atleast ���6æ ourestimateçK is within K'ès£B^Ð�-�1�8�1¢q£B� .
Assumethat this happens.If çK ¡ �����D¢�^W��� , then åDã out-
putstheconstant-onefunction <'�839�L5�� . Sincein this caseK ¡ �����B¢u^W���U�S£B^W�����4�B¢u£B�B5v�����B¢u^W�1�8�©¢:£©� , theerror
is at most �������¬^W�1�8�,¢E£B� . Similarly, if çK��é��������^Ð�-� ,
then å,ã outputsthe constant-zerofunction <'�839�­5®� with
erroratmost �����D�>^Ð���4�j¢�£B� .

Otherwise,if çK is within �����sèv^W��� , then K is within�	���(è:���1¢�£©��^W�1�4�(¢�£B� , and å ã outputswhatever å outputs.

This hypothesismay err on thepointsof the fair function,
plus it mayerr on that ���L¢�£©��^W�1�4�j¢ê£©� fractionof points
thatmustberelabeledin orderto make
 fair. Thustheerror
of thishypothesisis atmost �����L��^(¢ê���B¢>£©��^W�1�4�U¢¨£B�B5�	�-�j�¨^W�1�8�j¢¨£B� .

Theonly possibilitythatleadsto anincorrecthypothesis
is if we misestimateçK by a wide margin. Sincethis occurs
with probabilityat most æ , we have therequiredguarantee.

As a corollarywenow have our learningalgorithm.

Theorem 8 In polynomial time we can learn monotone
functionsguaranteeingerror at most �����D�M���Ç�2�P�-� � .

Proof. Let å be the algorithmthat performsno sampling
or computationandblindly outputsthe majority function.
By Theorem1, this algorithm always has error at most�	�-�­�X���#�	� � � on fair monotonetarget concepts.We ap-
ply Lemma7 with £u5��	�-� to getouralgorithm.

This algorithm is particularly simple: The amountof
time it requiresin linear in � ; it usesonly the labelsre-
turnedby NPO,Q_R`T)V andnot theactualbit vectors;and,the
algorithmhasonly threepossibleoutputs(theconstant-one
function,theconstant-zerofunction,andthemajority func-
tion).

3.2. Generalizations

Another transformationgeneralizesthe classof func-
tions further to encompassunatefunctions(in somecom-
munities,thesearecalledmonotonefunctions).Saythata
variableis a positiveindicator for a Booleanfunction 
 if
flipping the variablefrom zero to onenever turns 
 from
oneto zero,andsaythat it is a negativeindicator for 
 if
flipping the variablefrom oneto zero never turns 
 from
oneto zero. In monotonefunctions,all variablesareposi-
tive indicators;in a unatefunction,every variableis either
a positiveindicatoror a negative indicator.

If wehaveanalgorithmfor learningmonotonefunctions,
thenwecanconstructanalgorithmfor learningunatefunc-
tions. Thetechniqueis similar to thatof Lemma7. In this
case,we determinefor eachvariablewhetherit is a posi-
tive or a negative indicator. We thenusethis information
to transformtheunatetarget conceptinto a conceptthat is
probablya “mostly” monotonefunction.

All thatremainsis to show thatvariableswhich individ-
ually do not exhibit much correlationdo not causemuch
harmif they arewrongly categorized. Sincethe algorithm
miscategorizesvariablesonly if their correlation is very
weak,thefractionof pointsthatmustberelabeledin order
to makethe transformedfunctionmonotoneis very small.
By estimatingthecorrelationsaccuratelyenough,the frac-
tion becomesso small that with high probability noneof



thelabeledexamplesthat N&O,Q_R`T'V returnsin asubsequent
draw arepointsthatmustberelabeled.Thusthealgorithm
providesangoodestimateto this function. Thoughit may
err on thesmall fractionthatarerelabeled,it is alsoa good
estimateto theoriginal function.

Thefollowing lemmagivestheprecisestatementof the
result;theproofappearsin theappendix.

Lemma 9 Saywe havean algorithm å for weaklylearn-
ing monotoneincreasingBooleanfunctions,which usesat
most � calls to NPODQSRUT'V to outputa hypothesiswith error
at most �	���Ù�ë^ with probability �B�Sæ���� . Thenwecancon-
structanalgorithm å ã for weaklylearningunatefunctions,
findinga hypothesiswith error at most �	�-�)�i^W��� with prob-
ability �L�>æ . Thisalgorithm åDã calls NPODQ_R`T'V at most� ¢ �ì^ %  ØÕ Æ��æ
times,where

ì^ is definedasì^L5 í�î Õ���^���æ���� � 
�s¢�ï ���D #Õ(�!�&�2æ�� �
4. Hardness of learning

We now prove that no algorithm, given only a poly-
nomial numberof calls to NPO,Q_R`T)V or Q_V`Q_aLV`b , can
achievecorrelationmorethanan /0�! #"�$`�(� factorbetterthan
the algorithmof Theorem8. This proof doesnot rely on
computationalhardness;even if the algorithmhasinfinite
computationtime, the informationavailablefrom the ora-
clesdoesnot permita bettercorrelation.

Theorem 10 For sufficiently large � , for any � ¡ � , there
exists a distribution ð � over monotoneBooleanfunctions
with the following property: For any algorithm å making
at most � calls to Q_V`Q_a.VUb , theexpectederror of å (the
probabilityover ðB� , overanyinternalrandomchoicesof å ,
andoverthechoiceof a randomtestexample3 , thatA pre-
dicts incorrectly on 3 ) is at least �����+�X/0�! #"-$9� � �(���-� �(� .
Thus, no algorithm can guaranteeexpectederror �	�����*x���! #"�$L�(��� � �(� givena polynomialnumberof queries.

Notice that given accessto Q_V`Q_a.V`b , the NPO,Q_R`T)V
oracleis redundantbecausea (randomized)learningalgo-
rithmcansimplycall QSVUQSaLV`b onuniformrandominputs
if it sochooses;thus,weneedonly considerthe Q_V`Q_aLV`b
oracle. Also, Theorem10 is written in termsof expected
error, but it caneasilybetransformedinto the �4^���æ�� formu-
lation.
Proof. Webegin by describingthedistribution ð � . Given � ,
let ñ65� #$9�8ª � �(� . The target functionis a monotoneñ -DNF
formula in which eachpossibleconjunctof ñ variablesis
placedin thetarget independentlywith probability Y , where

Y is definedsuchthat an exampleof weight �(�-� (having
exactly �(��� 1’s in it) hasprobability �	�-� of beinglabeled
positive.Thatis, Y is thesolutionto theequation���L�_Y9� � ÌÐÍ�Èò � 5��	���D�
Notethatwehave definedð � sothateachtermappearsin-
dependentlywith somefixedprobability, asopposedto the
morecommondistributionon formulasin which the target
is randomsubjectto having a fixednumberof terms.

To analyzethelearningalgorithmå , wewantto keepthe
conditionaldistribution ðB� , giventhe informationgathered
by å sofar, as“clean” aspossible.To do this,weaugment
the Q_V`Q_a.VUb oracleso that it providesmore information
to the learningalgorithmthanthe standardoracle. Lower
boundsfor algorithmsusing the augmentedoracleclearly
imply at leastthesameboundfor thestandardoracle.

Specifically, we define the augmentedQSVUQSaLV`b or-
acle as follows. Given a query example 3 , with 1’s in
bit positionsindexed by someset ó�ô , let us imaginethatQ_V`Q_a.V`b looksatall of the

}Wõ ö�÷2õø � conjunctsof ñ variables
in ó ô in lexicographicorderandreturnsthefirst suchcon-
junct that appearsin the target function (if 3 is positive),
or “0” if 3 is negative. In otherwords, for a positive ex-
ample,theoraclereturnsa witness(thefirst onein lexico-
graphicorder)to the fact that theexampleis positive. This
augmentedoracleis convenientbecausein the conditional
distribution ð©� givensomesetof oraclequeries,eachterm
is eitherknown to bepresentin thetargetformula,is known
to beabsentfrom thetarget formula,or is still in the target
formulaindependentlywith probability Y .

Onewayto think of thisconditionaldistribution ðB� is as
a vector ù � of

} � ø � elements,onefor eachpossibleconjunct
of size ñ , in which eachelementof thevectorinitially con-
tainsthenumberY , indicatingtheprobability that the con-
junct is in thetargetfunction.Whena query 3 is made,the
oracleexaminesoneby onetheentriesrelevantto 3 (those
correspondingto termsthat if presentin thetargetfunction
wouldmake 3 positive). For eachentryhaving valueY , we
canthink of theoracleasflipping a coin, replacingtheen-
try by 0 with probability ���>Y andby 1 with probabilityY . The oracleannounceseachresult to the learningalgo-
rithm andhalts wheneithera 1 is observed (meaningthe
exampleis positive)or whenthenumberof relevantentries
is exhausted(for a negative example).

At any point in thelearningprocess,by definitionof the
augmentedQ_V`Q_aLV`b oracle,the vector ù1� describesex-
actly the conditionaldistribution ð©� given the information
observedby thelearningalgorithmsofar. Specifically, en-
triesin ù � setto 1 correspondto termsknown to bepresent
in the target function, entriesset to 0 correspondto terms
knowntobeabsentfromthetargetfunction,andtheremain-
ing entriesare eachin the target function independently
with probability Y .



Claim 1 After � queries,at most � of theentriesin ù1� are
setto 1.

Proof. Immediate by definition of the augmentedQSVUQSaLV`b oracle.

Claim 2 After � queries,with probability �j� Ï ~ � ��ú , there
are at most� � �ZY zerosin ù � . (Call this event û .)

Proof. In theworstcase,for eachquerytheoraclecontinues
to flip coinsuntil a1 is produced(in otherwords,theoracle
is notprematurelyinterruptedby apreviously-seen1, or by
thenumberof relevantentriesbeingexhausted).Thus,the
questionof thenumberof zerosproducedis equivalentto:
How many timeswill weflip a coinof biasY beforeseeing� heads?In � � �±Y coin flips we expectto see� � heads.By
Chernoff bounds,theactualnumberof headsis at leasthalf
thisquantitywith probabilityat least �L� Ï ~ % � ��ü .

For a givenexample 3 , andvector ù�� , let ù����43�� denote
theprobabilitythat 3 is positivegiventhedistribution over
target functionsdefinedby ù�� . Becauseù1� describesthe
conditionaldistribution ðB� given the queriesmadeso far,
the Bayes-optimalpredictionfor an example 3 is simply,
“If ù � �839� ¡ ����� predictpositive,elsepredictnegative.” We
boundtheaccuracy of this predictorthroughthe following
final claim.

Claim 3 For any vector ù1� of size
} � ø � with atmost� entries

set to 1, at most � � �±Y entriesset to 0, and the remaining
entriessetto Y , for a randomexample3 , wehavethat with
probability at least �j�¨���-� ����� Ï ~9ý È , thequantity ù � �43��
lieswithin �����jèê�4³B¢E�	�8ñÐ�-� � .

Remark. Notice that by plugging ³þ5 ï �ÿ ØÕ,�(�����
into Claim 3 (and using the definition of ñ ) we have
that with probability �­���&��� � , ù��2�839� lies within �����­è/0�! #"�$�� � % � � �(����� ��� . This immediatelyyields a weaker
versionTheorem10 in which  Ø"-$1� � �(���-� � is replacedby Ø"-$ � � % � � �(���-� � . After proving Claim3 we give a morere-
finedargumentproducingthestrongerbound.

Proof of Claim 3. Let ussaythatanentryof ù � is “relevant
to” anexample3 if 3 satisfiestheconjunctcorrespondingto
thatentry;thatis, theentryis relevantto 3 if theconjunct’s
presencein thetargetfunctionimplies 
'�839�`5�� .

Webegin by showing thatfor arandomexample 3 , with
probabilityat least �j�¨�-��� ����� Ï ~�ý È , thefollowing three
eventsoccur.

1. Noneof the1-entriesin ù1� arerelevantto 3 .
Thereareat most � 1-entries,and for eachone, the
probability it is relevant to 3 is �&~ ø . Since � ��~ ø 5�	���4ª��(� by the definition of ñ , this event occurswith
probabilityat least �L�����1�4ª-�(� .

2. At most �4� � � �(�±Y9��� ~ ø of the0-entriesin ù1� arerele-
vantto 3 .
The expectednumberof 0-entriesrelevant to 3 is at
most �4� � �ZY���� ~ ø . By Markov’s inequality, the chance
thatit is morethan � � timesthis is at most �	�-� � .

3. The test example 3 lies in o p for r within �(�-�0è³ ï �(��� .
By Hoeffding bounds,thiseventoccurswith probabil-
ity at least �L�>� Ï ~9ý È .

Theprobabilitythatall threeeventsoccuris at least�L� �ª�� � �� � �M� Ï ~9ý È m �L� �� � �M� Ï ~�ý È �
Given that the above threeeventsoccur, we now show

that ù1�2�43�� lies in the desiredrange. For the lower bound,ù����43�� is minimizedwhen 3 hasasfew 1’s aspossibleand
when as many of the 0-entriesin ù�� are relevant to 3 as
possible.Thus ù1�2�43�� is at leastù1�2�43�� ¡ �L�����L�uY�� � � ÌÐÍ�È���Ê ² ÌWÍ�Èò � ~ÙÈ Ô Ë ÌÓ È ò��¡ �L�������L�_Y9� � ÌÐÍ�È���Ê ² ÌÐÍ�Èò �
	 � Ï � � ² � � % ò �5 �L�������L�_Y9� � ÌÐÍ�È���Ê ² ÌÐÍ�Èò �
	 � Ï z�� ² � �

(definitionof ñ )5 �L� � � ~ � ÌÐÍ�È���Ê ² ÌWÍ�Èò � � � ÌÐÍ�Èò � 	 � Ï z�� ² � � �
(definitionof Y )

We boundtheexponentfor sufficiently large � :} � � % ~�ý � � � %ø �} � � %ø � ¡ â �(�-�D��³ ï �(���D�:ñ�(��� � ø¡ â �(�-�D�¬�8³B¢��	� ï �(����(��� � ø5 â �L� � �1�4³U¢��	�� � � ø¡ �U� � �&�4³`¢ê�	�¸ñ� � �
Thusour lowerboundon ù1�2�839� isù1�2�43�� ¡ �L� � � ~ � z ~ ² % � ý ß z�� ø � ² � � � � Ï z�� ² � �5 �L� �� � Ï Ë È�� 
�� È����ÇÊ!Î ¼ � ò Î ¼Ë Ì 	¡ �L� ���� �`¢ � � �' #Õ'�8���±�4³B¢E�	�8ñ'¢��� � �



5 �� � � �Ú ØÕ)�4���±�4³B¢����8ñ©¢ê�	���� �¡ �� � �4³B¢����8ñ� � �
Wemaximize ù��2�839� when 3 containsasmany 1’saspos-

sibleandasfew 0-entriesaspossible.Thus ù��2�839� is atmostù � �43��ä� �L�����L�uY�� � ÌWÍ�È4Î-Ê ² ÌWÍ�Èò �5 �L�M� ~ � ÌÐÍ�È8Î�Ê ² ÌÐÍ�Èò � � � ÌÐÍ�Èò � �
Weboundtheexponentfor sufficiently large � :} � � % ß ý � � � %ø �} � � %ø � � â �(���j¢�³2ï �(�-��(���D�:ñ � ø5 â �`¢ ³ ï �(�-�.¢�ñ�(�-�D�uñ�� ø� â �`¢ � ���4³B¢E�	�� � � ø� �`¢ � � ���4³B¢����8ñ� � �
Thusourupperboundon ù��2�839� isù1�2�43�� � �L�>� ~ � z ß È Ë È�� ÊÿÎ ¼ � òË Ì �5 �L� �� Ï ~ È Ë È�� 
��ÇÈ���� Ê!Î ¼ � òË Ì� �L� ���� �L� � � �Ú ØÕ(�8���Z�8³`¢����8ñ� � �� �� ¢ �4³`¢ê�	�¸ñ� � �

Giventheabovethreeclaims,wenow completetheproof
of Theorem10. Claim 2’s event û fails with probabilityÏ ~ � ��ú . Given û , we would like to know theprobabilitythat
theBayes-optimalpredictionis correcton a randomexam-
ple. Define ð ý for ���7³:�d� � asthe probability for a
randomexample 3 that t�ù����43��B�������9t��¯�8³`¢E�	�¸ñÐ��� � . By
Claim3, weknow that �L���-��� ���¨� Ï ~9ý È �Xð ý �¯� . The
probabilitythat theBayes-optimalpredictionis correctfor
a randomexample,then,is atmostðUz À �� ¢ ��ñ� �LÁ¢ �4ð % �¨ð`zW� À �� ¢ ª�ñ� � Á¢ �4ð � �¨ð % � À �� ¢ ��ñ� �LÁ

¢ |�|	|¢ �4ð ² � �Mð ² �1~ z � À �� ¢ �4� �s¢E�	�8ñ� � Á �
By telescopingthis series,wegeta boundofð ² � À �� ¢ �8� �q¢ê�	�8ñ� � Á � ² �&~ z¹ ý � z ð ý ñ� �� �� ¢ ñ� � }�} � �0¢ê� �� ² �1~ z¹ ý � z À �L� �� � �¨� Ï ~9ý È Á àá� �� ¢ ñ� � }�} � �0¢ê� � � } � ����� �¢ �1�8� �0���	�� � ¢����¹ ý � z Ï ~ % ý �5 �� ¢ ��ñ� � � ��ñ� ¢ ��ñ� � | Ï ~ %�L� Ï ~ %5 �� ¢�/ À ñ� �LÁ �
Thus the best a predictor can do is to achieve a �	�-�0¢/0�#ñÐ�-� �(� probability of agreeingwith the target function,
giventhat û occurs.Sinceû fails with [&�#ñÐ� � �(� probability,
and ñ.5X/0�ÿ #"�$ � �(� , wehave thetheorem.

5. Conclusions

This paperclosesto within an /0�ÿ Ø"-$`�(� factortheques-
tion of how well algorithmscan learn the classof mono-
toneBooleanfunctionson the uniform distribution, given
a polynomial numberof accessesto the target function.
It is naturalto supposethat onemight guaranteean error�	�-�B�������ÿ Ø"-$.�(���-� �9� usingamoresophisticatedalgorithm
than that of Theorem8. In particular, the following ap-
proachappearspromising:First,orderthevariablesby their
observed individual correlationswith a sufficiently large
sampleof data.Then,look at the � hypotheses< z ���	�����W< �
where < h is the majority functionover just the first � vari-
ablesin this ordering. Finally, choosethe < h of highest
observedcorrelationwith the data(or the constant-zeroor
constant-onehypothesesif thetargetfunctionis sufficiently
non-fair).

Themostinterestingopenquestionrelatedto thiswork is
thatof thelearnabilityof monotoneDNF formulasover the
uniform distribution, wherethe algorithm’s time andsam-
plesusedmaybepolynomialin thenumberof termsin the
formula. The proof of Theorem10 usesa target concept
including �s� � �(� terms,andsoit doesnot applydirectly to



this problem.A numberof algorithmshave beengivenfor
specialcasesof this problem(i.e.,whenthetargetfunction
is further restrictedto bea specialkind of monotoneDNF
formula)but we know of no positiveresultsbetterthanthe
guaranteeof Theorem8 for thegeneralcase.
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Appendix

Proof of Lemma 9. For eachvariable � , our new algo-
rithm å,ã computesanestimateç� h of therelevance� h of that
variable� h 5 @BA'C 
'�839�U5v�0t�3 h 5��&F1� @BA'C 
)�43��`5v��tG3 h 5E��F5 �L�M� @ÚA'C 
'�839��=5E3 h F,�
For each� , after �8��� ì^ % �& #Õ'�4Æ-�(�2æ�� examples,with probabilityæ��2�P� theestimateof

@BA)C 
)�43��­=5E31h¾F is within
ì^W��� of thetrue

value.Thuswith probability �L�>æ��2� weestimateall of theç� h within � h9è ì^ .
When 
 is a unatefunction,the � th variableis a positive

indicatorexactly when � h ¡ � . We define ñS�U���1���2
��¨����1���2
�� to transformbit vectorssothat 
 �Uñ is a monotone
functionif wehave thecorrectvaluesfor all the ç� h :ñ	�43�� h 5 � 3 h if ç� h ¡ ��L��3 h otherwise

�
To computeits returnvalue, å,ã definesfor å a new or-

acle NPO,Q_R`T)V ã , which worksby receiving �43)�W
'�839��� fromNPO,Q_R`T)V andreturning �#ñ	�839�±�Ð
)�43���� . Since�4
!�-ñÐ�Z�¾ñ	�43����`5
'�839� , NPO,Q_R`T)V ã is anoracleto 
 �Lñ , andthedistribution
of its returnedvectorsis still uniform. So åDã canusethis
oracleto call åq�GNPO,Q_R`T)V ã ��æ����P� , which returnssomehy-
pothesisfunction < . Thereturnvalueof å,ã is <"�Uñ .

Since ñ is basedon the ç� h , however, 
#��ñ may not be
monotone.In particular, thetransformationñ maytransform

variablesincorrectlyif � h is within ��è ì^ . But in this case
we canrelabela small fractionof thepointsto make 
$�Lñ
monotone.Let 3 % Ï h denotethe bitwiseexclusive-ORof3 with Ï h , thebit vectorthat is � exceptin the � th position.
If ñ mistransformsthe � th variable,we relabelthe t � hZt(� ì^
fraction of points 3 where 3�hi5f� , �4
#��ñÐ�Z�839�_5?� , and�4
&�UñÐ�Z�83'% Ï h �`5g� .With probability ����æ��2� , the numberof variables �
for which we must do this relabelingis at most �(����¢ï �8�(������ ØÕ)�!�P��æ�� , becausethechancethat ç� h and � h havedif-
ferentsignsis at most �	�-� . Assumingthis occurs,we may
needto relabelas much as an �8�(���s¢ ï �4�(���-�& #Õ(�!�P��æ���� ì^
fractionof thepointsto make 
(�Uñ monotone.But å,ã need
not computetheseto generateNPO,Q_R`T)V ã : Theprobability
thatnoneof the � examplesseenby å fall in theserelabeled
pointsis at least

â �L� â � � ¢*) � �  #Õ �æ+� ì^ � � ¡ �L� â � � ¢*) � �  #Õ �æ+� ì^ �¡ �L�eæ��2�­�
We assume,then,that å seesa monotonefunctionthroughNPO,Q_R`T)V ã .

If å succeeds,its hypothesis< haserrorat most �������^ . This hypothesismay also be wrong on the �4�(�-�_¢ï �8�(������ ØÕ)�!�P��æ���� ì^ relabeledpoints,so its error on 
,�jñ is
atmost �����x��^'¢��4�(�-�.¢ ï �4�(���-�& #Õ(�!�P��æ���� ì^L�������x�M^W��� .
This is theerrorof <&�Uñ (thehypothesisreturnedby å,ã ) on
(�Uñ-�Uñ.5�
 .

Foureventsmayoccurto prevent å ã fromreturningahy-
pothesisof erroratmost �����L�u^W��� . Oneof theestimatesofç� h maybeoutside� h�è ì^ . Thenumberof variablesfor which
wemustdo relabelingmayexceed�(���L¢ ï �4�(�-���& #Õ(�!�&�2æ�� .
Oneof thesampleså seesmaybe in the relabeledpoints.
Or the < returnedby å mayhave errormorethan �	�����¨^ .
Eachof theseoccurswith probability at most æ���� , so å,ã
succeedswith probabilityat least �L�>æ .


